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Introduction 

In |20j . we have introduced the notion of polarized regular twistor S> -module 
on a complex manifold, and one of the main results was a decomposition theorem 
for the direct image of such objects by a projective morphism between complex 
manifolds. A consequence of this theorem was the proof of a particular case of a 
conjecture of M. Kashiwara, saying that the direct image by a projective morphism 
of an irreducible holonomic ^-module on a projective manifold should decompose 
into direct sums of irreducible holonomic i^-module on the target manifold. The 
particular case treated was that of a smooth twistor f^-module. 

T. Mochizuki, through a very precise analysis of harmonic metrics on the comple- 
ment of a normal crossing divisor in a projective complex manifold [14] . succeeded 
in proving the equivalence 

polarized regular twistor ^-module 

semisimple regular holonomic ^-modules 

on a projective manifold, giving therefore a proof of the conjecture of M. Kashiwara 
for semisimple regular holonomic ^-modules. 

On the other hand, using the Riemann-Hilbert correspondence, one can state the 
conjecture for perverse sheaves, and it is equivalent to the conjecture in the regular 
case. From this point of view, the conjecture has been proved by V. Drinfeld [I], 
modulo a conjecture of de Jong, partly proved later by G. Bockle and C. Khare [2] 
on the one hand and proved by D. Gaitsgory 5J modulo results not yet written up 
on the other hand. 

The goal of this article is to introduce a category of (polarized) wild twistor 
modules. Conjecturally, on any projective manifold, this category (in the polarized 
case) would be equivalent to the category of semisimple holonomic ^-modules, 
and this would provide us with a tool for an analytic proof of the conjecture of 
M. Kashiwara for (possibly non regular) semisimple holonomic modules. We de- 
velop, in this context, an idea of P. Deligne 3J for defining nearby cycles for irregular 
f^- modules. 

However, we do not give here any result in the direction of the previous conjec- 
ture. One would need to develop an analysis of harmonic metrics analogous to that 
developed by T. Mochizuki for tame harmonic metrics. Nevertheless, in dimension 
one, such kind of results have been obtained by O. Biquard and Ph. Boalch [T]. 

The main result of this article (Theorem I5.0.1[) is an analysis of the behaviour 
of wild twistor ^-modules on a Riemann surface in the neighbourhood of the sin- 
gularities. 

Remark. In the recent preprint |15j , T. Mochizuki enlarges the framework developed 
here and gives complete results on the theory. 

Acknowledgements. I thank the referee for his useful comments. 
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1. Preliminaries 

In §§ 11.11 fL2l and fOl we quickly review definitions and results from [3U] concern- 
ing M$c -modules, which we refer to for more details. In § 11. A\ we give complements 
on the notion of strict S-decomposability which was used in |20j . 

1.1. Notation and basic definitions. We fix a coordinate z on the complex 
line C. We denote by Ao the closed disc \z\ ^ 1 and by S its boundary \z\ = 1. We 
will usually denote by f2o some open disc of radius r > 1 , and r — 1 can be chosen 
arbitrarily small. 

Let X be a complex manifold. We denote by a curly 2£ the product X x Ao and 
by & sc the sheaf on X of germs on 3C of holomorphic functions on X x fio- The 
sheaf of holomorphic differential operators is locally defined in coordinates as 
6x$x x ,- ■ ■ ,3* n ) with d Xj := zd Xj and, for any / € Gx, [%j,f] = zdf/dxj. The 
category of left ^^r-modules is equivalent to the category of -modules equipped 
with a ^-connection (i.e., a C-linear endomorphism satisfying Leibniz rule with zd 
instead of the usual differential d). 

A sc -module is said to be strict if it has no €?n |A -torsion. The word "strict" 
always refer to such a property. 

We often use the notion of coherent, good, and holonomic (left or right) Stge- 
module (cf. [HI Def. 1.2.4]). 

Regarding the projective line P 1 as the union of two charts ilo and , we denote 
by a the anti- linear involution z 1— > —1/z, where z denotes the usual conjugate 
of z. We use the notation for the "twistor conjugation": if / 6 we 
define / £ (?(<j(Q)) by the formula f{z) = /(—1/z) (on the right-hand side, the 
conjugation is the usual one on complex numbers). If is a holomorphic bundle 
on Slo, then its "conjugate" Jri? := a*Jf? is a holomorphic bundle on ^l^. 

Twistor conjugation on X is meant as the usual conjugation on functions on X 
and twistor conjugation with respect to z. We denote by S£ the product X x Aoo 
and by 6— the sheaf of holomorphic functions on X x Aqq (i.e., anti-holomorphic 
with respect to X). The conjugate of a left ^ar-module is a left ^^-module. 

We denote by ^^' an the sheaf of C°° functions on 2£ which are holomorphic 
with respect to z. Similarly, denotes the sheaf of continuous functions on 3C 

which are C°° with respect to X. We denote by Sbj^xs/s the sheaf on X x S of 
distributions which are continuous with respect to S. 

An object £? of the category 3%- Triples(A) consists of a triple & = 
,M" , C), where ,M" are left ^^--modules and C is a sesquilinear 
pairing ML — > S)faxxs/s, with :— 0q, o \s- We say that & is smooth 
if are ^^r-locally free. In such a case, C takes values in (cf. [30J 

Lemma 1.5.3] where ^qg" should read ^^jg)- 

The Tate twist by k € \L of & is defined by 

3T{k) = (^',^",(izy 2k C). 
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1.2. Localization away from a hypersurface. Let Xq be a complex manifold, 
let D be an open disc in C centered at the origin with coordinate t, and let X be an 
open set in Xq x D. We also regard t as a function on X, and we denote by <3t the 
corresponding vector field. For simplicity, we may also denote by Xq the divisor 
i _1 (0) C X (which is open in the original Xq). 

We can extend the previous definitions to ^'^r[i _1 ]-modules: 

Definition 1.2.1. The category ffl- Triples (X) consists of objects & — 
(./#', C), where ,^(" are S&gc [t _1 ]-coherent and C is a sesquilinear 
pairing between them taking values in the sheaf SbxxS/sl* -1 ] °f distributions 
on {t y^z 0} depending continuously on z £ S and having moderate growth along 
{t = 0}. 

There is a natural functor (localization away from {t = 0}) from ffl- Triples (X) 
to J'-Triples(X). 

1.3. Strict specializability. We keep notation of § 11.21 Let be a coherent M$c- 
module. We say that ^# is strictly specializable along {t = 0} (cf. [2UI Def. 3.3.8]) 
if it has locally a decreasing Kashiwara-Malgrange filtration V' z -.jM indexed by R 
with Bernstein polynomial having the special fornQ of a product of terms td t — f3*z, 
where 0-kz := Re (3 + i{z 2 + 1) Im/3/2 (cf. O (3.3.3)] where we replace d t t + a*z 
with tBt — (3* z with (3 = —a — 1) for which the graded pieces have no z-torsion, 
and are generated through the action of t or 9 t by those for which the real part 
of the index belongs to [—1,0]. We will also use the notation /? = /?' + i/3" with 
P',/3" £ R and i z {[3) := Re(/?' + iz/3") = (3' - 0"1mz (cf. (20j § 0.9], or [H] for a 
different notation p, e). 

Remark 1.3.1 (Decreasing ^-filtration) . In this article, we use the decreasing con- 
vention for the y-filtrations. We indicate increasing nitrations with lower indices, 
and decreasing ones with upper indices. The correspondence with [20] is as follows, 
setting (3 = —a — 1, 

and ^ } a = ^ f for Re a £ [-1,0), so Re (3 £ (-1,0]. 

If ^# is strictly specializable along {t = 0} then, for any (3 £ C, one defines 
the ^5r -modules ipf equipped with a nilpotent endomorphism N induced by 
— (tdt — (3*z). The monodromy filtration M. attached to N on ip^ indexed by Z, 
is defined by the properties that N sends M& in M&_2 and that, for each I ^ 0, 
induces an isomorphism gr^ 1 gr^. (In general, gr^ 1 ip^^ is possibly not strict, 
but it is so when J( underlies a twistor ^-module.) The primitive submodule 
P grf $Jt is defined, as usual, as the kernel of N £+1 : grf i$JC -► gvf_ 2 

These notions can be extended (with a similar notation) to Mgc [i" 1 ]- modules 
J#,d.. [101 §3.4]. 



One can introduce more general kinds of Bernstein relations, in order to take into account 
various parabolic nitrations, as in |14| . We will not do this here. 
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We have functors between the categories of Msc- and Mgc [i -1 ] -modules which 
are strictly specializable along {t — 0}: the first one is the localization away from 
{t = 0}, and the other one is the minimal extension across {t = 0}. 

If is strictly specializable along {t = 0}, then the localized module ^#[i _1 ] is 
^a"[i _1 ]-coherent and strictly specializable along {t — 0}, and we define = 
ipf (Jt[t- 1 ]). The properties of f are given in [HI § 3.4]. 

Conversely, given any strictly specializable we can define its minimal ex- 
tension J^ m in t across {t — 0} as the ^^r-submodule of M locally generated by 

v ( >-^(cr. can § 3 - 4 - b ])- 

Starting from a strictly specializable ^jr-module we then denote by ..# m i nt 
the ^^r -module obtained from ^# by composing both functors, namely ^# m i nt := 
(^#) m in t ■ We say that ^# is a minimal extension across {t = 0} if = ^# m i nt . 

If <T = (.#',..#", C) is an object of ^- Triples (Jf) and if ,Jl" are strictly 
specializable along {£ = 0}, then the pairing C can be specialized to each 
i$je^Jt", defining thus ^ 3T (cf. [201 (3.6.10)]). For any t > 0, the pairing 
V'f C induces a pairing ipf' £ C between gr^ and the conjugate of gr^ 1 ^Ji". 
We denote by P^' l C the pairing i/>f ,£ C((zN) £ «,») induced between Pgr^^f^f' 
and Pgrfip^M". This defines an object Pgrftpf^. We will also have to 
consider the twisted object^ grf i$ £7(1/2), with Pip? 2) = (iz)-<0P^C. 

Similarly, if & = (Jt\ Jt" , C) is an object of M- Triples(X) and if J(\ J(" are 
strictly specializable along {t = 0}, then the pairing C can be specialized to each 
ipfj^,^^', with the same procedure as above. This defines ipf 3*. 

If 07 is obtained by localization of 07 then, for Re/3 G (—1,0], the specialized 
pairing ipfc is equal to tpfc (this follows from (2Ql (3.6.10) and Rem. 3.4.4]). In 
other words, we can define *f 07 as ipf 07, consistently with [201 Def. 3.6.11]. 

Let now / : X — > D be a holomorphic function. We denote by if : X =— » X' := 
X x D the graph inclusion x i— > (x, /(x)). 

Definition 1.3.2. If is a coherent & ^--module (resp. if ^ is an object of 
Triples (X)), we say that ^ (resp. 07) is strictly specializable along {/ = 0} if 
ij^+Ji (resp. if^+3 7 ) is so along {t = 0}. 

A similar definition can be made for a ^^[i _1 ]-module ^# or an object 07 of 
ffl- Triples (X). The notion of direct image if_ + is well-defined from the category of 
Sisc [1 //]-modules to that of 0%,%' [i _1 ]-modules in a way compatible with the direct 
image of ^^--modules, that is, if = ~4f[l/f], then if^+jtft — (i f }+ ^()\tr x \. 
A similar notion applies to the corresponding categories M- Triples(A) and 
^-Triples(A'). 

1.4. Strictly S-decomposable objects. Let ^# be a strictly specializable ffl$c- 
module along {t = 0}. We say that it is strictly S-decomposable along {t = 0} if 
M = ^# m in t ©-#", with having support in {t = 0}. We notice that M'\ being 
a direct summand of a strictly specializable object, is also strictly specializable along 
{t = 0}, hence take the form i+jV" for some coherent ^^-module (Kashiwara's 
equivalence [201 Cor. 3.3.12]), where i : Xq X denotes the inclusion, and in fact 
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jV" = Kcr[< : ytt" — > ^#"] (given any supported in {t = 0}, we always can 
define Jf" by the previous formula, and the strict specializability of insures 
that = i+jV"). In [20, Prop. 3.3.11], we gave a characterization of such strictly 
specializable modules in terms of the morphisms can and var, in a way analogous 
to [H Lemme 5.1.4]. 

Remark 1.4.1. Let / : X — > D be a holomorphic function and let ^ be a coherent 
Msc [1 / /]-module. With the only assumption of strict specializability along {/ = 0}, 
it is not clear whether (i/.+./#) m in t is «/,+ of some -module. We will show below 
that, with the stronger assumption of strict S-decomposability, this property holds, 
and it enables us to define the minimal extension of across {/ = 0}. 

We say that ^tt (resp. 3?) is strictly S- decomposable along {/ = 0} if if t +^0 
(resp. if t +J?) is strictly S-decomposable along {t = 0}. 

Lemma 1.4.2. If is strictly S-decomposable along {/ = 0}, then the decomposi- 
tion if <+ .*# — («/,+.^) m in t © {if, is the direct image by if of a decomposition 
J( ='jt' ®J£"'. 

We will then denote by ^# m i n/ and call it the minimal extension of ^# 
across {/ = 0}. (This lemma is implicitly used in [201 Prop. 3.5.4], when proving 
the existence of the decomposition of a strictly S-decomposable holonomic 3&$c- 
module with respect to the strict support.) 

Proof of Lemma \lA.2\ We have j$ = Ker[t — / : — ► if i+ .dT\. We set Jt 1 = 
Ker[£ - / : {i fi+ ^) mint -> (i />+ ^) min J and M" = Ker[i - / : (i fi+ j£)" -> 
(if t+ ^)"]. Then we clearly have Jt — M' © J(" and if,+J%' C {if t+ jH) m \ nt , 
if^^K" C (if^^if)". Both inclusions are equalities, as their direct sum is an 
equality by assumption. □ 

Remark 1.4.3. If ^ is strictly specializable along {/ = 0}, it is also strictly spe- 
cializable along {f r = 0} for any r ^ 1 (cf. [201 Prop. 3.3.13]). If ^# is strictly 
S-decomposable along {/ = 0}, then the decomposition Ji = ^# m i n/ © Jl" is also 
a decomposition relative to f r , so in particular ^# m i n/ is also the minimal extension 
relative to f r . 

We say that j$ is strictly S-decomposable at x a E X if it is strictly S- 
decomposable with respect to any germ at x of holomorphic function on X, and 
that ^# is strictly S-decomposable if it is so at any point x of X. 

The following lemma is implicitly used in loc. cit.: 

Lemma 1.4.4 (Kashiwara's equivalence for strictly S-decomposable if^-modules). 
Let i : Z X be the inclusion of a submanifold. A coherent % -module JV is 
strictly S-decomposable and is supported in Z if and only if there exists a coherent 
strictly S-decomposable -module such that i+^t = . We then have ^ = 

%e x JY. 
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Proof. According to the second part, the problem is local, so we can reduce to the 
case where Z is defined by an equation t = 0, where t is part of a coordinate system 
on X. 

Let ^ be a coherent strictly S-decomposable ^^-module. We will first prove 
that is a strictly S-decomposable ^"^r-module. 

On the one hand, let / be a holomorphic function which vanishes identically on 
Z. Denote by : X ^ X xC the natural inclusion, and by u the coordinate on C 
(corresponding to /). Then i(z) — (z,0) and if o i(z) = (2:, 0,0), and the strict 
decomposition of (if o along u = is clear from that of i+^M along t = 0. 

On the other hand, if / does not vanish identically on Z. Denote by if : X > 
X x C and if\z '■ Z <^-» Z x C the natural inclusions, and by u the coordinate 
on C (corresponding to / or f\Z). Denote byj':ZxC^lxC the inclusion 
i x Idc- Then if oi = i' °if\z- By assumption, if\z,+^ is strictly S-decomposable 
along {u — 0}. Then one easily checks that i' + (if\z,+^) — if,+ (i+J?) is strictly 
S-decomposable along {u = 0}, as the V- filtration relative to u is obtained from 
that of if\z,+~^ by applying 

Conversely, assume that ,jV is strictly S-decomposable on X and supported on Z . 
It then strictly specializable along {t = 0} and, by [20, Prop. 3.3.11(b)], it takes the 
form with = V~ X JV. Any holomorphic function / on Z locally extends 

as a holomorphic function on X, and the Infiltrations of if^^M and if^+J/ along 
{t = 0} are easily related, showing that j$ is strictly specializable along {/ = 0} 
(resp. strictly S-decomposable) if jY is so. □ 

Let now S? = (^#',^#",C) be an object of M- Triples(A). We say that it is 
strictly S-decomposable (resp. holonomic) if are so. If Sf is holonomic 

and strictly S-decomposable, then have a decomposition with respect to 

the strict support, and C also decomposes, according to (201 Prop. 3.5.8], hence S? 
also admits a decomposition with respect to the strict support. 

Lemma 1.4.5. Kashiwara's equivalence 11.4.41 avvlies to strictly S-decomposable 
objects o/^-Triples(A). 

Proof. This is Lemma 3.6.32 in [20]. □ 

1.5. Minimal extension of strictly specializable objects of ^-Triples. Let 
us take the setting of § 11.21 We have considered the two functors called "local- 
ization along {t = 0}" and "minimal extension across {t — 0}" between strictly 
specializablqj^ar^ -1 ] and 2$% -modules. 

At many places it is simpler to work with ^^-[i^J-modules, for instance when 
considering ramification along {t — 0}. However, when taking de Rham complexes 
(or direct images), finitcness (or coherence) is obtained for coherent 3%gc -modules 
only. When trying to extend similar properties to objects of 8%- Triples(A), we 
are led to define these functors at the level of the categories M- Triples(A) and 
^-Triples(A). 



along {t = 0}, if no other indication. 
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Let = (./#',./#", C) be an object of M- Triples(X) which is strictly specializ- 
able along {t = 0}. Then we say that 3? is a minimal extension across {t = 0} if 
. //'. Jt" are so. 

Given any strictly specializable object 2T = (..#', C), the localization along 
{t = 0} is the object 3~ := ,j$t" ,C), where are the localization of 

./#', and C is the natural extension of C taking values in Sb^xs/sl^ 1 ]- 

On the other hand, we did not define in [20] the minimal extension 5^ni nt , that 
is, we did not define a sesquilinear pairing C m i nt between the minimal extensions 
^# m in t an d -^n'in t ■ The sesquilinear pairing C between and j#" takes values in 
distributions having moderate growth along [t — 0}, and one searches for a natural 
"principal value" C m [ nt of C as being a sesquilinear pairing between ^ mint and 
•^min taking values in ordinary distributions (being understood that the distribu- 
tions depend on z £ S in a continuous way; in other words, we work with £>bxxs/s 
and SbxxS/sl^ ])■ Such a result was not needed in |20j . as we mainly worked 
with strictly S-decomposable objects. 

We will use the results of [22 Appendix] , as detailed in [21] , to construct C m i nt , 
hence ^mi nt ■ We introduce a new variable t and denote by A 1 the corresponding 
complex line. We denote by p the projection Z = X x A 1 —* X. We denote by 
g-r/zt k e £ ree ^^[^-ij-module of rank one, with generator denoted by " e _r / zt " , 
equipped with the action of ^^[t^ 1 ] defined by 

td T " e - T/zt " = -V r/rf ", 

and we set "S^ := <ff~ T / zt where the tensor product is taken over @ %\t~ x \ 

and is equipped with its natural structure of left i^^[i _1 ]-niodule (see loc. cit. 
but be careful that the variable called t here corresponds to the variable called t' 
in loc. cit., and we do not consider here the chart with variable 1/t, called t in 
loc. cit.). 

Proposition 1.5.1. Let ^# be M s:\t~ 1 ]- coherent and strictly specializable along 
{t = 0}. Then is & '^-coherent and strictly specializable along {r = 0} and is a 
minimal extension across {r = 0}. Moreover, we have a natural isomorphism 

Proof. This is proved in [5T|. Prop. 4.1]. One has to notice that the assumption of 
regularity made in loc. cit. is only used to obtain regularity of "S^ along {r = 0} 
and to obtain properties of *Sf along r = t q ^ 0. These properties are not used 
here. □ 

Remark 1.5.2. In [2TJ Prop. 4.1], we start from a coherent ^^--module ^ which is 
strictly specializable along {t = 0}, but the proof only uses the localized object 

Let 5^ = {JP , Jt" , C) be a strictly specializable ob j ect of <%- Triples (X ) . In [2"0l 
§ A.2.c], we have defined the object = {*4C\ -Sf", C) of Triples(Z) and we 
have proved (cf. [2H Prop. 5.8]): 
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Proposition 1.5.3. If 2? is a minimal extension across {t = 0}, then 

In fact, the construction of 2? in loc. cit. is done starting from an object of 
Si- Triples(X), but it is well-defined starting from an object S 7 instead of an object 
3* '. It is therefore natural to define in general: 

Definition 1.5.4 (of i^mj. Let 3? be any strictly specializable object of 
^-Triples(X). We define 

2. Strict Deligne specializability 

In § 12.11 we recall the notion of nearby cycles for irregular i^- modules introduced 
by P. Deligne [3J, in order to explain the analogue for 3&$c -modules. 

2.1. Irregular nearby cycles, after Deligne. In this section, we use the setting 
of § 11.21 but we work with holonomic 2$x -modules. Let M be a holonomic 9$x- 
module and let M be its localization away from {t — 0}. We denote by V'M its 
Kashiwara-Malgrange filtration and we have well-defined holonomic £Fx -modules 
ipfM, for Re/3 E (—1,0]. It is known that ?/>fM are zero except for a locally finite 
number of /3's. But it may happen that all of them are zero. Therefore, they do 
not give any interesting information on M along {t = 0}. 

We note that ip^M = ip^(t + L cxp -2-k-ii3 ® M), where £ C xp-27ri/3 is the rank one 
C{i}[t _1 ]-module with connection twisted by t~@ and t + denotes the pull-back 
of connections by the map t : X — > D. In other words, ifttM — ®L'4 }i t{t + L eg) M), 
where L runs over the C{i}[t _1 ]-modules with connection having regular singularity 
and which are irreducible (i.e., of rank one). 

Definition 2.1.1. Let N be a free C{t}[i _1 ]-module with connection. We say that 
it is formally irreducible if C {tj [t^ 1 ] ^cit}^- 1 ] N is irreducible. 

According to a classical result of Turrittin and Levelt, the free C [i]] [i _1 ]-module 
with connection N is irreducible if and only if there exists an integer q 1 such 
that, denoting by p q : t q i— > t = t q q the ramification of order g, N is the direct image 
by p q of a elementary C [t 9 ] [t^j-module with connection $ ~ v ® L, where L and 
S~ v satisfy the following properties: 

(1) L is regular and has rank one, 

(2) g-f := (C{t g }[f- X ],d- dip) with <p G *- 1 C[*- 1 ], and for any gth root of 
unity C / 1, <p(Ct q ) ^ <p(t q ). 

Definition 2.1.2 (Irregular nearby cycles). If M is left holonomic ^jf-module, the 
irregular nearby cycles ipf cl M arc defined as 

Vt Dcl M:= ip° t {t+N®M). 

N form, 
irred. 
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Let us note that iff M only depends on the localized module M. In dimension 
one, the theorem of Levelt-Turrittin for M can be restated by saying that giving 
the formalized module M A is equivalent to giving ip^ el M, which is a finite dimen- 
sional graded vector space (the grading indices being the formally irreducible iV's) 
equipped with an automorphism. 

It will be more convenient to use the following expression for iff^M. We say 
that ip £ t~ 1 €\t~ 1 ] is t-irreducible if it satisfies Condition ^ above, i.e., if p q-+ £'~ v 
is irreducible. Then, 

(2.1.3) v t Dol M= e e ^ t (t + Pq , + g-v®M). 

if t-irred. Re /3e(-l,0] 

In dimension 2, the situation can be more complicated than in dimension one. 
Let us consider the following examples: 

Example 2.1.4. Xq = A 1 is the affine complex line with coordinate x and X is an 
open set in Xq x C (coordinates x,t). Let M be equal to &x\t~ x \ as a ^-module, 
equipped with the connection e~ x ' 1 o do e x ^ = d + dx/t — xdt/t 2 . We denote by 
iyc/tn g enera t; 0r i f M n \i satisfies thus both relations 

{t 2 d t + x) "e*/"' = and (td x - 1) ll e x/tv = 0. 

The second relation implies that the ^-filtration along t — is constant equal to M. 
The same computation can be done after tensoring by any formally irreducible 
connection in dimension one. It follows that iff^M = 0, and the irregular nearby 
cycles along {t = 0} do not seem to bring any information on M along {t = 0}. 

Instead of considering % x l l " as in the previous example, we consider ll e x ' *" , 
defined in a similar way. Then one can show that iff el M is a @x -module supported 
at x — and having i-monodromy equal to — Id. 

Remark 2.1.5. When the morphism t : SuppM — > A 1 is algebraic, Deligne [3] 
proved that the sum in lj2.1.2|)(*)l is finite. One can conjecture that, in the analytic 
case we consider here, the same result holds in the neighbourhood of any compact 
set. This should be a consequence of the existence of a good formal structure after 
blowing-up. 

2.2. Strict Deligne specializability for [i _1 ]-modules. We keep notation 
as in § 12.11 We denote by D (resp. D q ) some open disc with coordinate t (resp. t q ) 
and by p q : D q — > D, t q t = t q , the ramification of order q. As above, we set @ 
(resp. 3) q ) for D x fl a (resp. D q x O ). We now define S~ v ^ z as the free rank- 
one [t~ 1 ]-module with generator denoted by ll e~v/ z " an d with the z-connection 
zd — dip. Then p qt +$~ v ' z is a free (^[i -1 ] -module of rank q with z-connection. 

Let / : X — > D be a holomorphic function. The pull-back f + p q ^<o~ v / z is a free 
^^r[l//]- m odule with a ^-connection, hence is a left ^ar[l//]-module. 

Definition 2.2.1. We say that a 3%% [l//]-module is strictly Deligne specializ- 
able along / = if, for any i-irreducible ip 6 i~ 1 C[t~ 1 ], f + p q ^ + S~ tp / z ®e x [i/f\ ~# 
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is strictly specializable along / = 0. We then set 

(2.2.2) v? cl ^= e e ^ f {f + p q ^- v/z ® ex[1/n ^). 

tf> t-irrod. Re/3e(-l,0] 

We say that a morphism p : — » ^#2 between strictly Deligne specializ- 
able 8%$c [l//]-modules is strictly Deligne specializable along / = if, for any t- 
irreducible ip G t~ 1 C[t~ 1 ], the induced morphism 

Id®p : f + P q ,+<?- v/z <&tr K [i/f\ & — » ®ff x [i/f\ 

is strictly specializable in the sense of (2U1 Def. 3.3.8(2)], i.e., Ker and coker of 
tpt (Id<g>/z) are strict for any /3. 

This definition extends to if ^-modules and if ^-linear morphisms: we ask that 
such a module or morphism is strictly specializable in the sense of [2U1 Def. 3.3.8] 
and that the localized object satisfies the previous definition. 

We now define the twist by f + p q .+S'~ ip ^ z on objects of 3%- Triples (X). We have 
a natural pairing c q ,- v on <§~ v l z which takes values in functions with moderate 
growth on D* depending continuously on z € S, defined, on the generator "e - ^/ 2 " 
of S~f/ Z by 

(2.2.3) c q - ip (%-' p,zn , = e z ^- v/z . 

Since z 6 S, we have 1/2 = 2, where z denotes the usual complex conjugate of z, 
so the exponent in the exponential term reads 2i hn(zTp) and the function e zv ~ v / z 
has moderate growth, as well as all its derivatives, along {t q = 0}. 

The direct image c_ v of ~Cq—<p by p q is defined as usual: a <^@[t -1 ]-basis of 
p q .+S^ /z consists of "e^ 2 ",^ "e~ v/z, \ . . . 1 'fe-*V z ", and we set, for any test 
function x on D which is infinitely flat at t = 0, 

(c^{t\ %-</>/*» , ijv^7*» ) ,x(t)^j A |) 

We note that C-^ is nothing but the trace of c q ^- v by p q , and is also a C°° function 
with moderate growth on D* , depending holomorphically on 2. 

If C : <S>^ |g ^s - * ®^XxS/s[l//] is a sesquilinear pairing, then one defines 
in a natural way a pairing C-^, after twisting each term by / + p q .+S'~ ip ^ z , using 
the fact that f*C- v {t k q ,t\ " e -^/ z ") is a multiplier on £>E>xxS/s[l//]- This 

construction defines /+ p q ^S^ v l z ® 2? as an object of ffl- Triples(X). 

For a strictly Deligne specializable ^# (or ^), we can therefore consider the 
(tp, /3)-irregular nearby cycles defined as 

or r/^--=^(f + P q ,+^ v/z ®^), 
where the functor ip^ is the functor used in § 11.31 (that is, tpf o 
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Remark 2.2.4. These definitions and constructions extend in a natural way to 2$%- 
modules or objects of 3%- Triples (X), as tensoring with /+ p q ^S~ v l z does not dis- 
tinguish between ^# and We denote by the corresponding functor. 

Proposition 2.2.5 (Regularity). Let ^# be a 3£ -module which is strictly special- 
izable along f = and which is regular along / = (in the sense of [201 § 3.1.d]/ 
Then ^# is strictly Deligne specializable along / = and ^'^^ — if (p ^ 0. 

Proof. It is enough to consider the case where / is a projection, i.e., the situation 
of an open set X of Xq x D as in § 11.31 Let us first consider the case where 
(p G < _1 C[t _1 ] \ {0}. Let us work near z a G f^o and let us consider the canonical 
^-filtration V' z ^^£. By assumption, V^ Z ~^M is ^^r/^-coherent. It is then enough 
to prove that 

because this will imply that the constant filtration equal to S^'-fl 7 ® ^# is a good 
^-filtration, hence the Bernstein polynomial exists and is constant. 

One proves by induction on k ^ that, for any local section m of V^'^ 1 ^#, 
denoting by the 0#[t -1 ]-generator of S~ v / Z , ®t' k m belongs to 

V°{M$;) ■ (g-fl z ® V^JZ). Let us show this for k = 1 for instance. One has 

tg t (" e - v/z " <g>m) = "e"^/ 2 " ®[td t m - (td t <p)m], 

so that, if p is the order of the pole of <p, multiplying both sides by t p ~ l , we find 
"e-" 5 / 2 " ®t- 1 m G V Q {3#x) ■ iS'*! 7 - ® V^ 1 ^). The induction is then easy. 

When q ^ 2, the same argument can be applied after the ramification p q , as p^^M 
remains strictly specializable and regular along t q = 0, as explained below. □ 

2.3. Ramification. We keep notation as in § 11.21 Let us fix an integer q ^ 2 and 
let us denote by p q : Xq x D q — » Xo x D the ramification t q ^> t = t q q . We denote 
then by X q the inverse image of X by p g (X 9 is smooth) and by p q : X q — > X the 
restricted morphism. The functor p+ (inverse image by p q ) is well defined from the 
category of (left) ^^r-modules to that of 8%se q -modules as follows: if J( is a left 
^^r-module, 

• as a & sc q -module, we set = = ® p - x ff % P^ 1 -^'-, 

• for coordinates Xi on Xo, the action of 3^ is the natural one, i.e., 3 Xj (l <g> 
to) = 1 ® S^to; 

• the action of d tq is defined, by a natural extension using Leibniz rule, from 

3^(1® to) = 1 ®3 t m. 

However, given an object i/" = („#', C) of ^-Triples(X), the object p q ^ 
is not clearly defined: the pull-back by p q of a distribution on X is not defined, 
since the trace by p q of a test form on X q can have singularities. 

On the other hand, the pull-back of a fflsc [t _1 ]-module is defined similarly and 
the pull-back of a moderate distribution along {t — 0} is well-defined as a mod- 
erate distribution along {t q = 0}. Therefore, the functor p+ is well defined from 
^-Triples(X) to Triples(X 9 ). 
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Proposition 2.3.1. Assume that ^# is strictly specializable along {t — 0}. Then 
is so along {t q = 0}. 

Proof of Provosition 12.3. IT Near {x Ql z a ), one shows that any local section of 
satisfies a Bernstein functional equation, using that 

t\ ® ffi t m = -(f g 3t, - kz){t k q ® to). 

If we identify p q ^ with ©^Zq t k q ®Jt (with the suitable 2%se q [i ( ^ 1 ]-module structure 
on the right-hand term), the filtration V' z ^/9+^# defined by the formula 

(2.3.2) V { b Zo)P +^= © (*5 ® < ) fc)/? ^), 

fe=0 

satisfies all properties required for the Kashiwara-Malgrange filtration (cf. [2TJI 
Lemma 3.3.4]). □ 

Remark 2.3.3. For any (3 S C, we then have 

fe=0 

and, under this identification, the nilpotent endomorphism N tq corresponds to the 
direct sum of the nilpotent endomorphisms qN t . Therefore, we have a similar 
relation for the graded modules with respect to the monodromy filtration and the 
corresponding primitive submodules. 

Similarly, if SF is strictly specializable, we have 

<p+^ ©Vr fc)/9 ^ 

Indeed, the point is to compute ip^p+C. Let to' (resp. to") be a local section of 

V (z~) k ' )/q ^' ( res P- V (z~) k '" >/q ^ 7 ') with k '' k " e [0,9 - 1] n N. Up to translating b 
by an integer, we can assume that C(m' ,to") takes values in Sbjfxs/s- Let ip be a 
form of maximal degree on X$ (with coefficients depending on zeS) and let x be 
a C°° function on D q with compact support, identically equal to 1 near t q = 0. In 
the following, it will not matter to assume that \ is a function on D. 

Setting a = —(3 — 1, and denoting by [to] the class of to in the graded piece of 
the U-filtration, we have by definition 

«p+C([< ® m'},[t k " ®m"]), 

= Res s=Wz <|t 9 | 2s p^(^' ® m'.tf ® to"), A x(t)^dt q A t^>. 
Up to a positive constant, the right-hand term is the residue of 

(c(mV ), V A xW|i| 2(s+1)/9 tr(<if A |). 

As belong to [0, g — 1], the trace tr(t£ t^") is zero unless kl — fc", giving 

therefore the desired formula for ip^p+C. 



14 



C. SABBAH 



Let now X be a complex manifold and let / : X — > D be a holomorphic function. 
We set X' = X x D and X' Q = X x {0} ~ X. We denote by i/ : X X' the 
inclusion x i— > (x,f{x)) and by i the coordinate on the factor £). For q ^ 1, we 
denote by X 9 the inverse image of if(X) in by p g : — > X'. If we identify X' q 
with X x D q (coordinate t q on the factor D q ) so that t q ) — (x, V*), then X q is 
the subset of X' q defined by f(x) — t q = 0. It can be singular. 

If j% is a ■5? l gr[l//]-module (resp. if ^ is an object of 38- Triples(X)) which 
is strictly specializable along {/ = 0} (cf. Definition ll.3.2[) . we define 
(resp. p\SF) as p+(«/,+^#) (resp. p q (if_ + £^)) as in the beginning of this subsec- 
tion. This is a S^sc> [t~ 1 ]-module (resp. an object of 8%- Triples(X^)) supported 
on X q . 

Corollary 2.3.4. If (resp. S?) is strictly specializable along {/ = 0}, then 
p q {if^+^) (resp. p q {if^3?)) is so along t q = 0. □ 

Corollary 2.3.5. j$ (resp. 2? ) is strictly Deligne specializable along {/ = 0} if 
and only if, for any q ^ 1 and for any <p G t^Cft" 1 ], §~^l z ®e x , p q (if,+^) 

(resp. g-^l z ®e x , Pq{if.+-^)) ^ so along {t q = 0}. 

Proof. Let us prove the 'only if part. We can reduce to the case where / is a 
coordinate t. We use the projection formula to get that t + pq^S^^I^ ®0 x \t-*\ ^£ = 
Pq :+ (t q r S'^ ip / z ® p+^#). We are thus reduced to proving that strict specializability 
is preserved by the direct image p q ,+ . This follows from [20l Th. 3.3.15], as the 
restriction of p q to t q = is equal to the identity. 

For the 'if part, we apply Proposition 12.3. ll and we use that p+p^+S^^I* de- 
composes as the direct sum ®<^i=iS~' p ° IJ 'i' z , where p^ is the multiplication by £. □ 

2.4. Compatibility with proper direct images. Let g : X — > Y be a morphism 
between complex analytic manifolds and let ^# be a good ^^r-module (i.e., which 
has good filtrations on compact sets of X, cf. [2U), § 1.1. c]). Let / : Y — ► C be a 
holomorphic function and assume that j$ is strictly specializable along (/og) -1 (0). 
If <? is proper on the support of ^ then (cf. [20l Th. 3.3.15]) for all j and (3 with 
Re/3 G (— 1, 0], there is a natural isomorphism ^9+^ — Jtf'i g+^^ og ^ if we 

assume that ,3^ 3 g+"$?f og ^( are strict for all j and /3 with Re (3 G (—1,0]. Under 
the same assumption, we have an isomorphism for vanishing cycles ipj X -ffl 3 g+^t — 
Jtfi g+ipJc g ,J? . Moreover, this isomorphism extends to objects of 8%- Triples(X) 
(cf. [H §3.6.c]). 

We now wish to extend this result to the objects ^9 and ^>^ cl f7 . Let us 
first note that we will not be concerned with the corresponding vanishing cycles 
(vanishing cycles are used in [20] mainly in § 6.3 to insure the S-decomposability of 
direct images; we will use them here in the same way, without any twist). It will 
therefore be more convenient to work with localized modules and to consider direct 
images of S%sc [1/ (/ ° g)]-modules. 
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Proposition 2.4.1. Let^t be a good '(fog)]- module which is strictly Deligne 

specializable along {fog = 0} and such that g is proper on the support of j$ . Then, 
if ffli g+i\)^\ g y/M are strict for any j, we have 

A similar result holds for objects of Triples(X). 

Sketch of proof. We apply the result recalled above to the module (fog) + p q ^+$^1 
and we use a projection formula. □ 

2.5. Integrability. We now consider the behaviour of integrability under Deligne 
specialization. The integrability property is defined in |20| Chap. 7], where it is 
proved that it is compatible with specialization (cf. Proposition 7.3.1 in loc. cit.). 
To prove the compatibility with Deligne specialization it is therefore enough to 
prove that /+ p q , + S~ Vl ' z (g) ^# (resp. f + p q ^S'~ ip / z ® £?) remains integrable when 
^ (resp. 3?) is so. 

Firstly, integrability is preserved by direct image (cf. (2Ql Prop. 7.1.4]), so we can 
replace ^# with and assume that / is the coordinate t. Moreover, using the 

projection formula, we are reduced to showing that <S~ V I Z (g) is integrable. 

Let us note that S~' p l z is integrable, either as a £%® q [t~ 1 ]-module or as an object 
of £%- Triples(Z? 9 ). Indeed, one defines the action of z 2 d z on the generator "e - ^/ 2 " 
of tf~ v / z as z 2 d z ("e~ ip / zv ) = if. On the other hand, with this definition and using 
(f2~2~3l> . one has 

^c ? ,_ v ("e-^", "e"^") 

= c q .- v (zd z ( "e"^" ) , "e"^") - c q „ v ( "e"^" , zJJX^)) , 

which gives the desired integrability (cf. [201 (7.1.2)]) of g-v/* and then of g-<t/ z <g> 
p+Jl. □ 

3. POLARIZABLE WILD TWISTOR ^-MODULES 

3.1. Wild and regular (polarizable) twistor ^-modules. Let X be a complex 
manifold and let w G Z. We will define by induction on d € N the category 
MT^' d '(X,w) of wild twistor ^-modules of weight w on X, having support of 
dimension ^ d. This will be a full subcategory of the category Triples(X). 

Definition 3.1.1 (Wild twistor ^-modules). The category MT^ w j ld) (X, w) 
is the full subcategory of M- Triples (X), the objects of which are triples 
.9 = {..#', J(",C) satisfying: 

(HSD) is holonomic, strictly S-decomposable and has support of dimension ^ d. 

(MT^[ ) lld ' ) ) For any open set U C X and any holomorphic function / : U — » C, & is 
strictly Deligne specializable along {/ = 0} and, for any integer I ^ 0, the triple 

gr M ^Dcl^ 

is an object of MT^j^pf, w + l). 
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(MTo) For any zero-dimensional strict component {x } of or we have 

(~^'{x }> -^{x„}> C{ Xo ) ) = i{ Xo } + (Jf?' ,Jt?" ,C ) 

where (Jff", Jf",C ) is a twistor structure of dimension and weight w. 

One can define the notion of polarization and the category MT^ d \x , w)^ of 
polarized objects as in [20, Def. 4.2.1]: 

Definition 3.1.2 (Polarization). A polarization of an object ST of MT^ ld \x, w) 
is a sesquilinear Hcrmitian duality J9" : & — > w) of weight w such that: 

(MTP^ w ild) ) for any open set U C X and any holomorphic function /:[/—> C, for 
any a with Re(a) £ [—1,0) and any integer £ ^ 0, the morphism (Fgr^ 1 "fy^ 1 ^) £ 
induces a polarization of P^®^^, 

(MTPo) for any zero-dimensional strict component {x a } of or we have 

,y = i^ Xo y + y o , where 5^ is a polarization of the zero-dimensional twistor structure 
{■sfr , -st , J. 

Remark 3.1.3. According to Proposition 12.2.51 the category MT< d (X,w) 
(resp. MT^(X, w)^) of regular (resp. polarized) twistor @ -modules introduced 
in [201 Def. 4.1.2] (resp. in [20j Def. 4.2.1]) is a full sub-category of MT^ w j ld) (A, w) 
(resp. of MTg ld) (X, «;)&>)). 

3.2. Some properties of wild twistor ^-modules. In this paragraph, we list 
some of the properties of the categories MT(A, w) or MT(X,w)' p ', as proved in 
j2TH §§4.1 and 4.2], which are also shared by the categories MT (wild) (A, w) or 
MT (wild) (X,u))( p ). The extension is essentially straightforward. 

(1) The category MT^ ild) (A, w) is a full subcategory of the category 
MT^(I,w) defined in [H Def. 4.1.1]. 

(2) The category MT^ ild) (A ,w) is local (i.e., checking that an object belongs 
to this category can be done locally on A). Moreover, it is stable by 
direct summand in 8i- Triples(A). Each object & in MT^J M ' (A, w) has a 
decomposition by the strict support. 

(3) Kashiwara's equivalence. If i : X X' denoted the inclusion of a closed an- 
alytic submanifold of A', then i + is an equivalence between MT (wild) ( A, w) 
andMT^ ild) (A',w) (objects of MT (wild) (A', w) supported in A). This fol- 
lows from Lemma ll.4.51 

(4) If & in MT (wild) (A, w) has strict support Z, then there exists a Zariski 
open dense smooth set Z' of Z on which & is where 3~' is a smooth 
twistor structure of weight w on Z'. 

(5) There is no nonzero morphism in ffl- Triples(A) from an object of 
MT (wild) (A, w) to an object of MT (wild) (A, w') if w > w' . 

(6) The category MT' wlld ' (A, w) is abelian, all morphisms are strict and strictly 
Deligne specializable. 
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(7) If ST\ is a sub-object in the category MT^ wlld \x , w) of polarizable object 
& in MT < - wlld ^(X, w)( p ) with polarization S?, then the polarization induces 
a polarization 5?\ on ^ and {3\,5?\) is a direct summand of (3?,^) in 
MT (wM) (I,™)(p). 

(8) The category MT (wild) (X,w)(P' is semi-simple. 

(9) The conclusion of [UJ Prop. 2.1.19 and 2.1.21] hold for graded Lefschetz 
polarized wild twistor ^-modules. 

(10) The spectral sequence degeneration argument of [21?), Cor. 4.2.11] holds in 
the wild case. 

4. Local properties of ^.^-modules in dimension one 

In this section, we analyze local properties of ^jr-modules which are strictly 
specializable, when X has dimension one. Therefore, we will assume that X is 
a disc with coordinate t. We set X* = X \ {0}. We denote by K the field of 
convergent Laurent series C{i}[< _1 ] and by K the field of formal Laurent series 
C [tj [t -1 ]. For q <E N*, we denote by K q (resp. K q ) the extension of K (resp. K) 
obtained by taking a q-th root t q of t. 

4.1. Meromorphic bundles with connection. We recall here some classical 
results on meromorphic connections (cf. e.g., [1 1J ) . Let M be a finite dimensional 
if- vector space with a connection V. There exists q E N* such that the pull-back 
Mq = K q ®k M has a formal decomposition 

(4.1.1) Mq := £ g ® x M 9 = (£W (g) E,-), 

where J is a finite set, the </3j are pairwise distinct elements of t~ 1< C[t~ 1 ], and the 
Rj are meromorphic bundles with a regular connection. A coarser decomposition 

descends to M = K (g> K M to give a decomposition M A = M A W © M A ( ir) . 

4.2. Meromorphic Higgs bundles. Before analyzing wild twistor ^-modules in 
dimension one, we need to adapt the well-known results on the formal structure of 
meromorphic connections in dimension one to Higgs objects. 

Let (M, 9) be a finite dimensional if-vector space equipped with an endomor- 
phism 8. To keep the analogy with connections, we also regard 8 as a Higgs field, 
i.e., a morphism M — > M ® dt. 

By a lattice E of M, we mean C{£}-submodule of finite type of M such that 
M = Elf 1 ]. It is equivalent to saying that E is free of finite rank over C{t} and 
that M = Elt' 1 }. By a Vb-lattice, we mean a C{t}[i^]-submodule U of M which is 
of finite type and such that ?7[t _1 ] = M. 

Lemma 4.2.1. If U is any Vo-lattice, then U/tU is a finite dimensional C-vector 
space with an endomorphism induced by t8. 

Proof. Let us fix a if -basis of M and let A be the matrix of t8 in this basis. 
Denote by xa its characteristic polynomial. Then \A(t8) = 0. This can be written 
as b[tff) — tQ(t,td), for some nonzero polynomial b. If U is any Vb-lattice, then 
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U/tU is a C[<#]-module of finite type, on which b(td) vanishes. Hence it is finite 
dimensional. □ 

We say that (M, 9) is regular if there exists a if-basis of M in which the matrix 
of 9 has at most a simple pole; in other words, if there exists a lattice E of M 
on which 9 has a simple pole at 0. We then say that (E, 9) is a logarithmic Higgs 
bundle. Clearly, this is equivalent to saying that any Vo-lattice is a lattice. 

Giving (M, 9) is equivalent to giving a square matrix of size d with entries in K, 
up to linear equivalence, i.e., up to conjugation by an element of GLd{K). 

The tensor product and the direct sum are well-defined and preserve regular 
objects (the tensor product of two Higgs fields 9 and 9' is (9 ® Id) © (Id ®9')). 

4. 2. a. Classification in rank one. Giving a meromorphic Higgs bundle of rank one 
is equivalent to giving a meromorphic differential form uj = a(t)dt (the equivalence 
by GLi is reduced to identity). We will write a(t) = dt{<p>) + a-i/t for some 
meromorphic function ip(t) = t k u(t), where k € Z and u is a unit. Notice that, if 
a_i = 0, the meromorphic Higgs bundle is the restriction to z = of the ^^[t^ 1 ]- 
module <§^l z introduced in § 12.21 

4.2.b. Classification in arbitrary rank. M q — K q (3kM, equipped with the pull-back 
9 q of 9 as a differential form. If A(t) is the matrix of t9 in some if -basis of M, then 
A q (t q ) := qA(t^) is that of t q 9 q in the corresponding K q -basis of M q . For a suitable 
q, the eigenvalues of A q {t q ) exist in K q , and A q (t q ) can be reduced to the Jordan 
normal form, so (M q , t q 9 q ) decomposes as a finite direct sum ©/ (<#j^£g <S> N v ), where 
the matrix of t q 9 q in some basis of N v is a constant matrix and tp varies in a finite 
set of distinct meromorphic (but possibly holomorphic) functions. In particular, 
(M q ,t q 9 q ) is an extension of rank-one objects. One can also consider, in a way 
analogous to that of meromorphic connections, a coarser (unique) decomposition 

(4.2.2) (M q , t q 9 q ) ~ 0(^o ® R v ), 

v 

where ip varies in a finite set in i^C^" 1 ] and R v is regular. 
Going back to (M, 9), we find a unique decomposition 

(4.2.3) (M, 9) = (M, 0)M © (M, 0) (ir) , 

coming from the decomposition of (M q , 9 q ) into regular terms (ip — 0), and purely 
irregular terms ((p ^ 0). In fact, (M, 9)^ is regular. 

Lemma 4.2.4. Let (M, 9) be a germ of meromorphic Higgs bundle, and let U be 
any Vo-lattice. Then dime U jtU = divax . 

Proof. Given two Vb-lattices JJ, U' of M, we consider the filtrations U' = t'U and 
U" = t'U' of M. Then, denoting by U" gr^ M the filtration induced by U" on 
gr^ M, we have 

gr^, gr° M gr^, gr~ p M ~ gr" p gr° a , M 
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and 

dim c U/tU = dime g# M = ^ dim c gr^, gr^ M 

p 

= Y, dime g?u P g*U' M = dim C U'/tU'. 
p 

Therefore, to prove the lemma, we can take a Vo-lattice which decomposes according 
to the decomposition (|4.2.3p . 

Assume that M is purely irregular. We want to show that M has finite type as 
a C{i}[t#]-module. It is enough to show this after ramification, and we can reduce 
to the rank-one situation corresponding to a form u> with a pole of order 2. Then 
the polynomial b(t6) introduced in the proof of Lemma l4.2.1l is constant, so U = tU, 
and therefore U = U[1T 1 ]=M. 

Assume now that M is regular. Then U is a lattice, and the result is clear. □ 

4.3. General properties of strict holonomic 3£<% -modules. 

Lemma 4.3.1. Let j& be a holonomic S&gc -module. Then ^ :— is coher- 

ent over ffgr[t ]. If moreover ^# is strict, then, for any z Q 6 Qq, 

(1) ^#(o :Zo ) is free of finite rank over &S£,(0;z o )\P \> 

(2) ,: .// M, :=M Zo [t- x ], 

Proof. As is holonomic, its characteristic variety is contained in (T^-XUTqX) x 
do if AT is small enough. Locally near (0;z o ), there exists thus an operator with 
principal symbol t J '3* (for some j, k) which annihilates This gives the first 
assertion. Assume now that ^ is strict. 

(1) Away from {t = 0} (assuming X small enough), we know by [201 Prop. 1.2.8] 
that ^# is G sc* -coherent and that it is locally free on X* x f2g; moreover, 
it has no Ggc* -torsion, because any torsion section would be killed by some 
power of z, in contradiction with strictness. As a consequence, jM has no 
G sc -torsion. 

Let us work locally near (0;z o ). Let J/ be a coherent ^--submodule 
of ^# such that ^# = As jV has no Gsc -torsion, it locally free 

away from [t — 0} (if X is small enough), and the kernel and the cokernel 
of the natural morphism jV — > ,yf vv (where jV y = Jfom@ x {JY , G^r)) 
are supported on t — 0. Let us also set Ji y = jfom^ft-i]^, G%\t~ x \). 
Then = 1 / v [( _1 ] and therefore the natural morphism Ji( — > ^# vv is 
an isomorphism. Consequently, -yV vv is (isomorphic to) a submodule jV' 
of As JV W '' J is reflexive, it is locally free (because Gx.(o- Zo ) is a regular 
local ring of dimension 2). We have hence found a locally free G sc -module 
JV' of ^such that J( = jY'\tr x \ 

(2) As Ji is strict, the sequence 

(z — z ) 

— > Jl — ^ — > i* Zo .J£ — > 

is exact. It remains exact after tensoring with Gx\t~ x ]- □ 
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In dimension one, we will mainly work with the localized modules j$ . It is 
therefore useful to summarize the correspondence . // i— > ^# m in t • 

Corollary 4.3.2. Let be a strict holonomic -module which is strictly spe- 
cializable. Then ^# is a locally free & 'gc\t ]-module with a z-connection (i.e., 
a compatible action of £%%) which is strictly specializable (cf. § 11.3)) . Conversely, 
starting from such a ^£ , the minimal extension ^# m i nt across {t — 0} is strict 
holonomic and strictly S-decomposable (with only one strict component). □ 

Remark 4.3.3 (Formal coefficients) . Let us denote by 6 jpthc sheaf lirn sc jt n (£> , 
and by M^the sheaf 6 s£®e 3C £%% '■ These sheaves are supported on {t — 0}. Then 
the previous results extend to holonomic M jp- modules in a natural way. 

4.4. The regular case. 

Proposition 4.4.1. Let ^# be a strictly specializable 3%gc\t~ l ]-module which is 
& &\t~ l ]-locally free of finite rank. The following properties are equivalent: 

(1) there exists z a S such that M Zo is regular (as a meromorphic connection 
if z a ^ , and as a meromorphic Higgs bundle if z a = ), 

(2) for any z Q 6 Qq, M Za is regular, 

(3) for some (or any) z Q € Qq, an U coherent x ,(q ;z )-submodule o/^#(o ;Zo ) 
generating ^#( ;z o ) over 0sc,($> -,z ) i^ 1 } ^ as finite type over &x,{0\z o )- 

(4) jtK is also strictly specializable with ramification and exponential twist and, 
for any ramification p q : t q i— » t — t q , any ip £ i^ 1 C[i^ 1 ] \ {0}, denoting 
J£ q = p\Jt, we have ipf {S -fl* ® j&g) = for any /3 e C. 

We say that ^0 is regular when one of these equivalent properties is satisfied. 
Remarks 4.4.2. 

(1) Property 14.4. lip ?]) is taken as the definition of regularity in [501 §3.1.d]. 
Notice that, when applied to the canonical ^-filtration V' z it gives its 

<^r,(0:z o )-fi" e eness, as each gr^ } M is ^n 0iZo -free of finite rank, and the 

sum of the ranks, for b G (—1, 0], is equal to the 0,% [i _1 ]-rank of 

(2) (Formal coefficients) Proposition 14.4. II also applies to modules defined 
over M^t' 1 ]. 

Proof. ©^Il]) is clear. For the converse, let us note that the assumption of 
strict specializability implies in particular that, for any z a , if V' z denotes the 

Kashiwara-Malgrange filtration of j$ , then VP Z y4( /V^ z is a locally free &n ,z o ~ 
module, whose rank does not depend on z a . Under Assumption ((T|), its fibre at a 
given z has dimension equal to the rank of ^# (this is classical if z a ^ 0, and 
follows from Lemma 14.2.41 if z a = 0), hence the same property holds for any z Q . 
This, in turn, implies regularity of M Zo for any z Q . 

©=>CE]) is proved in the same way and (0])=>([I|) is easy. 
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Proof of ([T])=>(13]). Let m G ^(o- Zo ) and let ^(0-z o ) be the S%%\t 1 ]-submodule 
generated by to. It is enough to prove the property for any such ,J/ . By Lemma 
l4.3.1lf Tj). we know that ^V(p- Zo ) is <^',2r[i _1 ]-free, and we denote by 6 + 1 its rank. 

The family m := (to, . . . , (tdt) s m) defines a ^r-linear morphism (0,%-{t~ 1 ]) s+1 — 
jY (in some neighbourhood of (0;z o )). As the rank of jV is 5 + 1 and as JV 
is generated by m over 31 3^ [t ], this morphism is injective. Let us denote by 

its cokernel. This is a coherent G <% [i ]-module supported on some curve in 
(X x Qq, (0 ; z )) not included in {t = 0}, which is called the apparent singularity. 
There exists thus k G N and f(t, z) £ &x,(0;z o ) not divisible by t such that 

8 

{z-z ) k f(t,z){t<5 t ) s+1 m = Y. a ^ z )^y m > a ^ z ) e ^,(o ; , )[i _1 ] 

where f(t, z) = is an (possibly non reduced) equation of the components of the 
curve distinct from {z = z a }, and we assume that k and / are chosen so that none 
of the irreducible components of [z — z ) k f(t, z) divides all the aj. 

Reducing mod (z — z a ) implies that k — 0, otherwise there would exist a non- 
trivial relation with coefficients in <^x,o[^ -1 ] between the classes of the elements 
of the family, and the rank of the submodule it generates would be < 5 + 1, in 
contradiction with the freeness of ^0:z o )- 

As we assume that the restriction of ,jV to any fixed z has a regular singularity 
at t = 0, the a,j also belong to &sc.(^-.z ) and thus the matrix of td t in the family 
m has entries in 0x\V/f\. 

The next step will consist in eliminating the apparent singularity, which is clearly 
an obstruction for proving the ^^-coherence of the Vo^jr [i -1 ]-submodule gener- 
ated by to. 

Let n be any 6 x / . x \ [i _1 ]-basis of ^ . Zo ). We have m = n ■ S where the 
matrix S has entries in x ,{<d - Za ) but is invertible only after inverting /, i.e., 

Lemma 4.4.3 (|13j). For S as above, there exist two matrices 

S.eGU+^^^.^it- 1 }) and S 2 eGU+i(^sr.xo:z o) [.r 1 }) 
such that S = S±S2- O 

Let us thus set fj, = n-S\. Then \i is another ( ;Zo ) [t~ 1 ]-basis of ^V(0;z o ) and 
the matrix of tdt in the basis /x has pole along {t = 0} at most, as it is so for any 
^W,(0;z o )[* -1 ]"basis of <y¥(0;z o )- On the other hand, as fi = m ■ S^ 1 , the matrix of 
tdt in the basis n has poles at most along {/ = 0}. We conclude that the matrix 
of tdt in the basis /i. has entries in &x,(0;z o )- It follows that the Vo&x,(o - Zo ) [t^ 1 ]- 
submodule generated by \x is finite over 6 t (o- Zo ), hence so is any finitely generated 
Vo^5r.(o -,z ) [t _1 ]-submodule of JV(q^ Zo ), by a standard argument. 

Proof of ([3])=>([1]). Firstly, working with to and ^%);z ) as above, we get 
ffi t "e"^/ 2 " ®n = ®ii-(tip'(t)ld+A(t,z)), where A has entries in &x,(Q;z )- 

This can be rewritten as l fe-v/»» <g>/x = <fe-p/*'' ®n ■ tB(t, z) + (ffi t " e -^/ z " ®p) ■ 



22 



C. SABBAH 



tC(t,z), where B, C have entries in &x,(0;z o )- It follows that the VqM jq . z a- 
submodule generated by "e _¥, / z " (g>^z is equal to §~ v l z eg) ^0;z o )- Therefore, there 
exists a good ^-filtration which is constant and equal to <g~ v l z <g> ^fo;z )- It 
satisfies all the properties characterizing the Kashiwara-Malgrange filtration, and 
all graded pieces are zero. It follows easily that S~ v ^ z ® ^(o- Zo ) satisfies the same 
properties. 

It remains to checking that strict specializability is preserved by ramification, 
as regularity will be so, applying for instance Property ([I]). This is Proposition 

' □ 

In the following, we will set = X x (A \ {0}). 

Proposition 4.4.4 (Regular -modules on z / 0). Let ./# A be a locally 

free 6 'jg- [t ]-module with a compatible & ^-action, which is strictly specializable 
and regular (at t = 0J. Then there exists a strictly specializable regular M^o^ 1 ]- 
module 3% such that ^ A is isomorphic to & ®e %a ■ 

In the following proof, we always assume that z Q ^ 0. We will first consider the 
local situation (w.r.t. z). We will first recall :20, Remark 5.3.8(3)]: 

Lemma 4.4.5. For any strictly specializable regular ^(q- Zo ) or^^. z ■., there exists 
a basis in which the matrix oftd t only depends (holomorphically) on z and is lower- 
triangular, with eigenvalues of the form f3 * z. 

Proof. We give the proof in the convergent setting, but it is also valid in the formal 
setting. 

Let us fix z„ / and let us setH 

B Zo ={/3eC | £ Zo (f3) e (-1,0] and V>f^o ; , ) + 0}. 

For each (3 € B Zo , let us fix a basis of ipf^C Zo for which the matrix of — N is 
constant. Let us lift this basis modulo V^^"^ ~^(o ;z D )- Applying this to any 
(3 G B Zo , we find a basis of ^(q- Zo ) for which the matrix of i<3t has entries in 
&X,(<Q; Zo ) an d its constant part (with respect to t) R(z) has the following form: it 
is block lower triangular, each block corresponding to a value b of £ Zo (f3), j3 € B Zo ; 
moreover, each diagonal block, with corresponding value &, is itself block-diagonal, 
each block corresponding to one (3 £ B Zo such that l Zo {(3) — b, and takes the form 
{(3-kz) Id+Y^, where Yp is constant (we can choose the basis such that Yp has the 
Jordan normal form). 

By a constant (with respect to t) base change, we can assume that, if f3\ * z Q ^ 
P2 * z Q , then the (^1,^2) and the (/32>/3i) blocks in the matrix R(z) are zero. 
Therefore, we can reorder the basis in such a way that R{z) is block-diagonal, 
each diagonal block corresponding to a value of (3 ★ z Q , [3 s B Zo , and each diagonal 
block is itself lower triangular with respect to the l Zo -order, each diagonal sub-block 
corresponding to a given (3 and having the form {(3 ★ z) Id +Yp. 



3 Recall that the notation t Zo (P) is for Re/3 - (Im/3)(Imz ), cf. S OI 
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Let us set A = B Zo + Z and let Sing A be the set of z £ fio such that there exist 
ft/fteAuZ with /3i -kz = [3 2 *Z- Then, cf. [TO, p. 17] , Sing A is contained in iR 
and has as its only limit point. 

If z Sing A then, for any [3\, f3% £ B Zo , we have (3\ * z a — f3 2 * z a z Q Z* , hence, 
for any z £ nb(z ), we also have (3\ -k z — (3 2 * z zZ*. Therefore, the classical 
arguments of the theory of regular meromorphic differential equations enable us to 
find a basis of ^(o- Zo ) m which the matrix of t(5 t is R(z). 

If z £ Sing A (but z a ^ 0) , there may exist f3i, /3 2 £ B Zo with f3\ * z Q — f3 2 * z Q £ 
z 7h* . We first apply successive partial rescalings by powers of t to reduce to the 
case where the constant part R(z) (with respect to t) of the matrix of tdt is lower- 
triangular, and has eigenvalues [3 * z with (3 £ A and no two eigenvalues differ by 
an element in zZ*. Let us recall this classical reduction: 

Let us index by / the set of diagonal blocks of R(z), each block corresponding 
to a value "fi(z ) of various (3 * z at z a . We can order the set / in such a way 
that, if 7^(20) — ~fi 2 (z ) £ z N*, then i\ < i 2 . We now only retain that the 
matrix R(z) is lower-triangular. Let io £ I be such that there exist no i £ I with 
7( ( z o) — li( z o) £ z a N* (that is, if such a value belongs to z Q Z*, it must belong to 
— z N*). We apply the base change with diagonal matrix having diagonal blocks Id,; 
for i ^ io and tldi . After this change, the constant part R\(z) of the matrix of tdt 
remains lower-triangular, with the same eigenvalues, except that (3 -k z is changed 
to {(3 + 1) * z if (3 -k z Q = 7i (z ). By an easy induction, we get the assertion. 

We can now apply the classical arguments of the theory of regular meromorphic 
differential equations to find a basis of ^#(o ;Zo ) in which the matrix of td t is equal 
to the previous constant part R(z) (with respect to t). In particular, it is lower 
triangular and has eigenvalues of the form [3 * z, so we get the assertion of the 
lemma in the case z Q £ Sing A. □ 

We then have, in the same way, by applying the classical reduction theory with 
a parameter z, 

Lemma 4.4.6. Near any z Q ^ 0, there exists a polynomial p(z) which vanishes at 
most on Sing Annb(z ) and an invertible matrix with entries in ffci ^ Zo [l/p(z)] such 
that, after the base change given by this matrix, the matrix of td t takes the form 

®p£Bz [{f3*z)l&+Y f} ] 

where Y p is a lower triangular nilpotent Jordan matrix. In particular, if we assume 
that z £ S, then we can choose p(z) = z + 1/z. 

Proof. In the previous proof, instead of applying shearing transformations near a 
point z a £ Sing A, we can apply the same arguments as in the case where z Q ^ 
Sing A. In order to do so, we have to invert near z all functions p + {(3\ — ^2) * z/z, 
with p £ N* and /?i,/?2 £ B Zo . On a fixed neighbourhood nb(z ), only a finite 
number of such functions vanish at z . □ 

Proof of Proposition 14.4.41 We have proved the local existence of 8% in Lemma 
14.4.51 Given two local bases of . in which the matrix of td t has entries in 
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^sji),z„, any formal base change between both bases has entries in ffx,(0\z o ) (this is 
standard, as we work away from z = 0). Therefore, the &&,(o ;«<,) [i ]-submodule 
generated by such a local basis is unique, hence can be glued all along Slo \ {0}- □ 

4.5. Strict specializability with ramification and exponential twist in di- 
mension one. Let us fix z a G flo and let M Zo be a meromorphic connection or 
Higgs bundle. Then, there exist q = q{z ) G N* and, denoting by M q>Zo the pull- 
back of M Zo by the ramification t q <— ► t = £*, a finite family (<Pj)jeJ(z ) °^ elements 
of t~ 1 C[t~ 1 ] which satisfy the following properties: 

(1) for some, or any, 7-lattice U Zo of g-Vil z °®M q , Zo , U z JtU Zo ^0, 

(2) for any ramification t rq i— ► t q = t r rq and any ip G t^ q C[t^ q ] distinct from 
any Vj{t r rq ), then g-^l z ° <g> M rq , Zo (where M rq ,z a is the pull-back of M q , Zo ) 
is a ^-lattice of itself. 

Let now *M be a strict holonomic ^^--module. Then, according to Lemma 
I4.3.1l[ 2*|). restricting to z — z Q commutes with localizing away from {t = 0}, so the 
previous statement applies to the restriction to z Q of . 

Proposition 4.5.1. Let j$ be a M sz\t \-module which is i?^^ 1 }- locally free 
and strictly specializable with ramification and exponential twist on X. Then the 
(smallest) integer q(z ) and the set J{z Q ) defined above do not depend on z Q . We 
denote by q and J their constant value. Then, denoting by p q : X q — > X the 
ramification t q i— > t = t q q , and setting ^ q = 

(1) for any j G J, there exists (3 with Re (3 G (-1,0] suchthat^ < {g~' p il z ®Jt q )^{$, 

(2) for any ramification mapping t rq i— > t q — t T rq and any <p G t~ q C[t~ q ] \ 

{<Pj(trq) I 3 e J}, for any (3 with Re/3 G (-1, 0], Vf r „ {<S~ v/z Cg> J£ rq ) = 0. 

Proof. Let us set for convenience q = q(l) and J — J(l). By assumption, for any 
r Ss 1, Vf r (<^ /z eg>-Cg) is locally free as a (??n -module. Therefore, its restriction 
at some z = z a vanishes (resp. does not vanish) as soon as its restriction at z = 1 
does so. The restriction to z = z Q of S~ v l z eg) j$t rq is $~flz<> ® M rq _ Zo for any z c , 
after Lemma r4.3.1t[ 2j). According to e 2Q ( Prop. 3.3.14], the restriction to z = z a of 
(<f ~ { fl z cg> ^# r(? ) is a direct summand of a graded piece of c?~ v / Zo eg M rq ^ Zo with 
respect to a suitable good F-filtration. It is then easily seen that the nonvanishing 
of such a graded piece is equivalent to the existence of a regular part in the formal 
decomposition of <? _¥, / z ° eg> M rq ^ Zo . The proposition follows. □ 

Remarks 4.5.2 (Formal coefficients) . 

(1) The same result applies to modules satisfying analogous assumptions. 

(2) Notice also that, if ./# A = & <%®0a: ^ is the associated formalized module, 
then satisfies the assumption of the proposition if and only if ^# A does 
so. Moreover, for any ramification, we have (^# g ) A = (^# A ) 9 and for any 
(3 G C and <p G t~ 1 C[<~ 1 ], we have 



WILD TWISTOR ^-MODULES 



25 



Indeed, "only if" is clear by flatness of G jpover G$£. For the "if" part, we 
note that if U' '^0 is a good ^-filtration of then U'^ h := G ^®e x 
U' ^ is a good T^-filtration of ^# A . Hence ^# is specializable (in the sense 
of [20j Def. 3.3.1]) if is so. By standard manipulation, we can assume 
that (near z a ) the Bernstein polynomial of the good filtration U'^K has 
roots in A(z ) (see P- 67]), and therefore so does J7*^# A , which is then 
the canonical ^-filtration of .<# A , by 2D, Lemma 3.3.4]. In particular, the 
graded pieces are strict by assumption, hence so are the graded pieces of 
U'..4t . This implies that ^# is strictly specializable, with U' \M as canonical 
good ^-filtration. The remaining part of the assertion is then easy. 

4. 5. a. Submodules. Let ^# be as in Proposition I4.5T1 Let m G ~^(Q;z ) and 
let jY — J2k ^^[t~ 1 ]3t m De the fflsc [t~ 1 ]-submodule generated by m (in some 
small neighbourhood of (0 ; z )). Arguing as in Lemma r4.3.1p ]). we see that JV is 
G sc [i _1 ]-free in some neighbourhood of (0 ; z a ). Let 6+1 denote its rank. 

Lemma 4.5.3. The & '^■[t~ 1 ]-module JV is strictly specializable with ramification 
and exponential twist and for any ramification t r t-^ t, any tp E ^ 1 C[t~ 1 ] and any 
[3 G C, we have ^{g-* 1 * ® JfQ C Vf r (^ _lp/ * ® jf r ). 

Proof. As the ramified twisted module S~^l z ®jV r is a submodule of S^^l 7 - i8)^# r , 
it is enough to show that the good ^-filtration of the latter defined near z Q (cf. J20J 
§ 3. 4. a]) induces a good ^-filtration of the former near z a . For the sake of simplicity, 
we will give the proof for ,yV C but it will apply similarly to ramified twisted 
modules. 

If we have shown that V' z yjV :— V' z n JV is a good ^-filtration of jV , 
then each gr^ ( ^ JV is strict, as a submodule of a strict module, and it has a 

decomposition as ©^f o/K ( CI - [201 Lemma 3.3.4]), showing that each tpi-yV is itself 
strict. By construction, we have t k ^jV = ipt +k ^V (as this is true for ^# in the 
place of o/K), hence the strict specializability of JV along [t = 0}. 

It remains to showing that, for any 6 £ 1, V£ H is Vq{M ^-coherent. 
This is standard. □ 

4.5. b. Formal structure. Let ^# be as in Proposition 14.5.11 We fix the order of 
ramification as in the proposition, and consider = 

Proposition 4.5.4. With these assumptions, for any j G J, there exist regular 
strictly specializable G-^-'^~ 1 \-modules with z- connection Mj and an isomorphism 
of \tq 1 ] -modules 



Remark 4.5.5. By uniqueness, the restriction to z — z a of (DEC A ) is nothing but 
the formal decomposition (I4.1.1|) if z a ^ or that obtained from (|4.2.2|) by tensoring 



(DEC A ) 




with Gg Q if z a = 0. 
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Proof. It will be convenient to change notation and forget the q everywhere, so the 
coordinate is denoted by t, etc. Moreover, we will only work with G jp-[i _1 ]-modules, 
so we will also forget the exponent A . 

We first prove the local existence of &j( . z j and of the local decomposition 
(DEC A ). We then prove that this decomposition is globally defined along the z- 
variable. 

Local decomposition. We argue by induction on the rank of Assume moreover 
that we have proved the existence of a decomposition (DEC A ) for any submodule 
^fo ;z a ) of ^#(0 ; Zo ) which is generated by one section m as in Lemma l4.5.3l Then, as 
there is no nonzero morphism from S^l z ® ^ A , Q « to S^l z ® , if tp ^ ip, 
and as ^#( ;z o ) is the sum of a finite number of such submodules ^V(0;z o )i the 
decomposition (DEC A ) holds for „#( 0;Zo ). 

Let m € ^#(o; Zo ) and let ^4(0;z o ) be as in Lemma T4. 5.31 We are thus reduced to 
proving the decomposition (DEC A ) for ^(0;z o )- 

Let us denote by k the maximal order of the pole of the family (ipj)j (associated 
to j¥(q;z ) by Proposition ^. 5.1] ). We can assume that there exist two indices j such 
that the corresponding tpj have a pole of order k but with distinct coefficients of 
t~ k (otherwise, one would first tensor JV with S~ ct / z ). 

We now argue exactly as in the regular case (Prop. l4~4.1[ proof of (Jl])=>(l3j)), 
except that we replace t<3 t with t k (td t )- We find a 0s^( Q . z \ -basis fi of ^Y{q- Zo ) in 
which the matrix of t k (t<5 t ) has entries in 6 's^/ . z y The constant (with respect 
to t) part of this matrix has eigenvalues in C (the coefficients of t in the tpj) and 
at least two of them are distinct. A classical argument gives a splitting of ^V(q ;Zo ) 
corresponding to these eigenvalues. We conclude by the inductive assumption. 

Globalization. We will show the existence of a global formal decomposition j$ = 
^ re g©^#irr- If jo is such that <pj = 0, we will set 3%j o := ^# reg . In order to get the 
other terms of the decomposition, we apply the same argument to any (g>^#. 

Given any local good ^-filtration J7.^(o ; z ), we set ^irr,(0;z o ) — fife Uk-^(o- Zo )- 
Any two such filtrations define the same ^- m ,(0\z o )i hence is globally defined. 
Moreover, using the local decomposition (DEC A ), one easily checks that ^i r r.(0;z o ) 
corresponds to the sum indexed by j ^ jo- Hence is a locally free G ^[t^ 1 ]- 
module of finite rank. The globally defined exact sequence 

— ► jK- m — > . // — > J£ /jKixt — > 

has local splittings, according to the local (DEC A ). However, any two local split- 
tings coincide, as there is no nonzero morphism 0£ h ,„ s — > $Vi/ z (g ^ A /n » for 
j =/= jo. Therefore, there exists a unique global splitting. □ 

It will be important to lift this result to convergent isomorphisms. However, as 
in the theory of meromorphic differential equations, one can only expect sectorial 
(with respect to t) liftings, when z Q ^- 0. We will also provide holomorphic liftings 
when z Q = 0. There, a sectorial partition with respect to z is also needed. 



WILD TWISTOR ^-MODULES 



27 



4.5.C. Sectorial structure (z Q ^ 0). Let ^ be as in Proposition 14.5. l1 We also 
assume, in order to simplify the notation, that no ramification is needed, so that 
we can apply Proposition 14.5.41 to and we have an isomorphism 

(DEC A ) M h 0(^ /z ® 

Let us first work away from z = 0. Then, by Proposition 14.4.41 Sft 1 ^ is defined over 
^$r, and thus we can write the previous decomposition as 

(4.5.6) ^ ©(<? v/z ®<% V ) A . 

Let Y denote the real blow-up of the disc X of radius ro, i.e., Y = [0, ro) x S 1 
and let e : Y — > X denote the projection (r,e l °) i— > re* e . Let us set ^ = F x f2o 
and let us define the sheaves .e^ and ^?' an as usual: ^?' an denotes the 
sheaf of C°° functions on ^ which are holomorphic with respect to z, stftgr is the 
kernel of tdt acting on ' an and denotes the subsheaf of stf/gt consisting of 

germs having all their derivatives with respect to tdt vanishing on {r — 0}. 

It will be convenient to set 

We refer to the literature (e.g., [33], [251, El) f° r the results concerning the 
Hukuhara-Turrittin theorem with a parameter, as well as for the inductive pro- 
cess giving the ^-decomposition. 

Proposition 4.5.7. With the previous assumptions (and z ^ 0), for any O G S , 
the decomposition (|4.5.6[) can be lifted to a decomposition 

(DECT) 4Aft) A ®k(»Aft)^,C*) (^ /a ®^)(0i*.) 

Sketch of proof . As we work near z G 7^ 0, we can regard as an analytic family of 
meromorphic connections parametrized by nb(z D ). The proof is then analogous to 
that for meromorphic connections (without parameter z), as the exponential fac- 
tors ipj are independent of z. One proceeds exactly as for the theorem of Hukuhara- 
Turrittin in order to show that the decomposition (DEC A ) can be locally lifted to 
^(oe -z )- At the end of the process, we get a basis of "&{ne B - Xo \ m which the 
matrix of t3 t is the sum of a matrix R(z) depending only on z and a matrix hav- 
ing entries in srf^ °, Q g , z ^ (according to Lemma r4.4.5[) . Another application of the 
same kind of existence theorems gives a base change of the form Id +Q(t, z) with Q 
having entries in : , Q g , z >, after which the matrix of td t is equal to R(z). □ 

4.5.d. Sectorial structure (z Q = 0). When z Q = 0, the lifting of the decomposition 
and the definition of 3 t = zd t lead us to solve successive quasi-linear differential 
systems like 

zt k (td t )u = L-u + F(u, t, z) 

where L is diagonal with constant nonzero eigenvalues and where we have informa- 
tion on F (existence of asymptotic expansions in sectorial domains). Here, z plays 
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the role of a small parameter, and taking sectors with respect to z as well as for t 
will be needed. In this direction, the main results have been previously proved by 
Russell and Sibuya [TB I H7 ] (k = 0), Sibuya [21] and then by Majima [7J (fc ^ 1). 
An account of the results of Majima has been given in [THl Appendix]. 

We denote by 2f the space Y x f^o, where Qq = R+ x S 1 is the real blow-up 
(polar coordinates) of £lo at 0. We will set z = \z\ ■ e 1 ^ . We have a natural map 
3f — > & — Y x fl . We denote by ^J? the sheaf of C°° functions on the manifold 
with corners .2°, and by the subshcaf defined by the Cauchy-Riemann equations 
with respect to t and z. In particular, when restricting to \z\ ^ 0, we recover the 
restriction of s/gr to this open set. 

The next result will not be used in this article, but we give it for the sake of 
being complete. 

Proposition 4.5.8. With the assumptions of § !4.5.c| for any (0 o ,(o) 6 S 1 x S 1 , 
the decomposition (DEC A ) can be lifted to a decomposition 

(DEC -) jf(^ o ;0iW ^ [g*l> ® ^ (0) , o i0)W ] 

for some regular £^^ t (o.g ; o,£ ) [t ~ X \-free modules , Q g . ^ y in such a way that, 
modulo z, this isomorphism is equal to the isomorphism (I4.2.2[) (hence does neither 
depend on o nor on £ a ) and in particular 

As above, we use the notation 

•^$,e ; o,Co) = ^2?,(o,9o;0£o) ®e Xti0 . 0) ^(o ; o)- 

Proof. Let us denote by .e/jr-the formal completion lim^ s/%- /t k s/^ (formal series 
in t with coefficients in s/^ o ). By a result of Majima [7J (see also [TSJ Prop. 1.1.16, 
p. 44]), which is a variant of the lemma of Borel-Ritt, we have an exact sequence 

— ► — > sf& -^—> — > 0. 

The proof of the proposition is now a variant of a theorem of Majima, generalizing 
the theorem of Hukuhara-Turrittin in dimension 1. We assume J ^ 0, otherwise 
there is nothing to prove. Let us denote by J ma x the set of j e J such that the 
order of the pole of (fj is maximal. Let Jo C J m ax be a subset corresponding to 
a fixed principal part of (fj, j S Jmax- We argue by induction on the rank of 
•^(0 8 -o c )' inductive assumption applies to free ^sr,(o,e ; o,Co) [i _1 ]-modules 
equipped with a compatible action of 5*: we assume that, when tensored with 
^S~(o 6 o) ' ^ c m °dule is isomorphic to some elementary model ^^'f . ) as in the 
RHS of (DECq ) and, when restricted to z — 0, is decomposable. 

There exists a basis of e -o f ) m which the matrix of td t takes the form 
(zA2i *aII ) sucn that A\i — 0, A%\ = and An (resp. A22) has diagonal blocs of 
the kind ttp'j + Bj(t, z) with j £ Jq (resp. j $ Jo), where Bj has entries in s/^r(no 
pole along t = or z = 0). 
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In order to diagonalize this matrix, we have to find matrices Q12 and Q21 with 
entries in £&& t (p t g -o t £ ), such that Q12 = and Q21 — 0, and satisfying 

ztd t Qu = -zAyi + (A n Qu - Q12M2) + zQ\iM\Q\i 
ztdtQix = -zA n + (A22Q21 - Q2i^ii) + zQ2iA 12 Q 2 i- 

The existence of such matrices follows from results of Majima [7] (see e.g., [IS! 
Cor. A. 11], with a partial system £ consisting of only one equation and no integra- 
bility condition). Moreover, applying [TBI Th. A. 12], one can choose Q12 = zPi2, 
Q21 = zP<zi, where P12, P21 have entries in £^%- y (o,e a ; 0,c o ) anc ^ P12 = 0> P21 = 0. □ 

5. Local properties of twistor ^-modules in dimension one 

Using the results of the previous section, we analyze some properties of twistor 
^-modules on a disc X. The main result of this section is: 

Theorem 5.0.1. Let ST = C) be an object of ffl- Triples(A) which is 

strictly specializable with ramification and exponential twist at t = 0. Assume that: 

(1) away from t — 0, 2F is smooth and C takes values in (not only in 

(2) the sesquilinear duality 5^ = (Id, Id) is Hermitian of weight 0, in other 
words, C* = C ; 

(3) the twistor properties (with polarization) are satisfied at t = 0, i.e., for 
any q J? 1, any if G t~ C[t~ ], any (5 with Re/3 G (—1,0] and any £ EN, 

P gi^ 1 ipf q Pq^{^/^)) with sesquilinear duality (Id, Id), is a polarized pure 
twistor of weight 0. 

Then the minimal extension ^ni nt ( cf. Definition ll.bA}) . equipped with the sesquilin- 
ear duality .y = (Id,Id) 7 is a polarized pure twistor ^-module of weight on some 
neighbourhood of in X . 

In particular, in some punctured neighbourhood X* of t = 0, the restriction 
3?\x* is a smooth polarized pure twistor structure of weight 0. This will prove 
that the twistor property is open. This is an analogue, in the "easy" direction, of 
the nilpotent orbit theorem in Hodge theory. A similar result, in a more specific 
situation (TERP structures) has been obtained by Hertling and Sevenheck in O 
Th. 9.3(2)]. 

In § 15.11 we show how to reduce to the case where no ramification is needed 
(i.e., we replace & with p^ST for a suitable q). Then, by assumption, the twistor 
properties are satisfied at t = and the proof consists in constructing, starting 
from bases of the Pgr^ 1 tpf' 13 ^ which are orthonormal for P gr^ 1 %pf '^C, a global 
frame of ^M\x* which is orthonormal with respect to C\x* ■ This is obtained in 
Corollary 15.4.31 This will prove that the restriction of to X* is a smooth 

twistor structure of weight 0, corresponding to a flat bundle with harmonic metric, 
so that the twistor property is satisfied for (i^m nt , (Id, Id)) in some neighbourhood 
of t = 0. 
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In § 15.21 we use the decomposition (DEC A ) to construct a global basis of ^\sc» 
with a controlled behaviour when t — > 0. We will assume that no ramification is 
needed to get the formal decomposition (this is not a restriction, as the assumptions 
in the theorem can be lifted to the ramified object). On the other hand, we will need 
neither the decomposition (DEC rf ) nor the decomposition (DEC^f). The former 
will be used in § 15.31 to give an asymptotic expansion (|5.3.3[l(*)l for the sesquilinear 
pairing. 

5.1. Ramification. Let us assume that Theorem l5.Q.ll is proved when no ramifica- 
tion is needed, that is, when we can set q = 1 in Proposition 14 . 5 . ll and let us show 
how to deduce it in general. Let ST be an object of St- Triples(X) satisfying the 
assumptions in Theorem 15.0.11 and let p q : X q — > X be the ramification t q i— ► t = t q q . 
According to the identification made in Remark 12.3.31 p q 3? satisfies the same as- 
sumptions. If q is chosen as in Proposition 14.5. l] we can apply Theorem 15.0.11 to 
p q -S? and deduce that (p+ ^) m in t is a polarized twistor ^-module of weight on 
some neighbourhood of in X q . In particular, it is so on X q \ {0} (up to shrink- 
ing Xg), and it is then clear that ^ni Ut is so on X \ {0} (up to shrinking X). By 
assumption, the polarized twistor property is satisfied at t = for £? m in t , proving 
thus the assertion of Theorem 15.0.11 for ,%nin t ■ 

From now on, we assume that no ramification is needed. 

5.2. Construction of local bases. We denote by B the subset of {J3 £ C 
Re/3 <E (—1,0]} consisting of /3's such that some ipf' 13 ^ ^ 0. By assumption, for 
any ip £ i -1 C[f _1 ], any (3 £ B and any I £ N, the £?n -module Pgr^ 1 ipf' 13 ^ is free 
of finite rank. Moreover, for any <p in i _1 C[i _1 ] and (3 £ B, we can find a global 
basis e° ^ g of Pgr^ 1 ipf' 13 ^ which is orthonormal with respect to the specialized 
sesquilinear form Pgr^ 1 ipf'^C(£/2). 

The family (e° t/3 ^)/3eB, £gn generates a basis e° jftw _ 2fc = (-N) fc e° (k £ N) 
of gr^ 1 ijjf' 13 ^. We will denote by Y Vi| g the matrix of — N in this basis, and by 
H Vi| g the matrix defined by H V!( g = u> Id on grj^ ^f^^. Lastly, for any w and any 
j £ Z, we set e°^ +J . At0 = Pe^,^. 

For any z £ £Iq and (3 £ B, we denote by qp tZo £ Z the integer such that 
£z {P + Q(3,z ) S [0, 1), and we will also consider the set B Zo = {(3 + qp. Zo \ (3 £ B}. 
We use the partial order on B Zo coming from the order on £ Zo (f3)'s. We denote by 
e o,(» ) tne b as i s generated by (e° i/3 £ )/3 e s 2o ^eN- 

5. 2. a. Construction of a formal basis. We say that a ^s^^ . z j [i _1 ]-basis e*- 2 "-* of 

•^Yo-zo) ^ s admissible with respect to e° if e^"- 1 = {e^"p iw ) with /3 G P 2o , leN 
and moreover uieZfl [— £, £] and: 

• for any ip, e^°p i w £ {£^1* ® ^£)(o ;Zo ) and, if z Q = 0, its restriction at 
z = belongs to (<S"^J <8> P v )(o ; o), 

' induCeS e £^W 011 P S r f 1>t' P -^(0;Zo)> 

• for any fc = 0, . . . , I, e£^_ 2fc = [t3 t -/3-kz- tip'] k ■ z [ *°} At 
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Let us be more precise on the word "induce" : it means that the class of e£°p 1 1 
modulo V >iz °^^m . z > has a component on ijjf ,/3 ^#(o - Zo ) only (and a zero com- 
ponent on any ipf ' 7 ^#(o - Zo ) with 7 ^ /) and £ Zo {l) — (/?)); moreover this class 
belongs to M.£ijjf '^^(n. tZ \ and is primitive modulo M.(.--yipf '^^iq. z \. 

Below, we will not indicate the index £, which only refers to the weight of the 
primitive element e^ z ^ w comes from. 

Lemma 5.2.1. The matrix of td t in any admissible formal basis e> z °^ takes the 
following form: 

§HK*) ©[ © (\P*z + ttS]U+Y v ,ti)+P v (jt,z) 

where P v satisfies: 

• tf tz {i) 4 (/3)) then P<p n ,p E ^x,{Q;z )> 

• iff-zoil) > £zjf3), then P vn ,p E &gr, , Zo y 
• if P = J, 

. ifw'^W- 2, then P v jj- w ^ w E t&£-r . Zo y 
. if w' < W - 3, then P v .fj- W ', w E ^Vq.^v 

The notation P Vlll p (resp. P Vj p- lW ',w) is chosen such that 



and 



Proof. This is a direct consequence of the definition of admissibility. □ 

By construction, we also have: 

Lemma 5.2.2. Let e\° ,e 2 ° be two local admissible formal bases (with respect 
to e° ). Then we have a relation e^"^ — e^f"^ ■ (Id+Q(i, z)), where Q satisfies 

• if i^P, QwA^*)$Q=>i*M>t*o{p), 

• Qlp,[3.i3{0, z) has weight ^ —1 with respect to H Vl/ a, 

• Q(t,0) has entries in 0x,o (with Q{t,Q) v ^ = if ip 7^ ip). □ 

5.2.b. Admissible local holomorphic bases. We keep the notation as above. Ac- 
cording to [HI Prop. 2.1], given any basis e^ * 1 of ^^. z y the 6 ( . Zo )-module 

? iT(o-z ) ' ^ Z "^) ^ <^(0;z o ) is n ' ee °f finite rank. Given any holomorphic basis 
rn,( z °) of it, we consider the invertible matrix 7 with entries in G \ such that 

m (zo) _ g( 2 °) . j> YYe can assume that, if z a = 0, this basis is a lifting of the 
restriction of e*- -* to z = 0. If CP = To + t7i + ■ • ■ , then Jo is invertible. Replacing 
m ( 2 °) with m( z °) • y^ 1 , we can assume that To = Id- Similarly, replacing then 
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m( z "> with m.( z °) • (Id— i^i), we can assume that 7\ — 0. More generally, given 
any fixed integer k, we can assume that CPj = for any j ^ k. Lastly, we can 
assume that the restriction at z = is equal to the identity matrix. 
We say that a basis e^ z °> is admissible with respect to e° if 

• it comes from an admissible formal basis after a base change (Id +zt k Q(t, z)) 
where k is strictly bigger than the maximal order of the pole of the tpj's 
and Q has entries in G^-, Q , z y 

We can decompose such a basis into subfamilies e^°p , e ^°p w , e ^°B i w an< ^ we a ^ so 
assume that 

• for any k = 0, . . . , £, e ( *j e e _ 2k = [td t -0*z- tip'] k ■ e^°} M - 

(This can be achieved starting from a basis satisfying the first point only, by re- 
placing I i_2k wr th [t<$t — (3*z — tip'] k ■ e.y°pe & without breaking the first point, 
as the formal basis satisfies the same property.) 

In any admissible local holomorphic basis e^ z °\ the matrix of tdt takes the form 

(5.2.3) ©f © (\fi*z + ttf/]U+Y V) p)+P v {t,z)] 8 © Pyj, 

with (instead of P v ) satisfying the properties given in Lemma 15.2.11 with 
^se,(0\z o ) instead of &s^( Q . z \ an d, for ip ^ <p, P^.^ has entries in zt ;Zo ) 
for some I ^ 1. Moreover, given any such £, one can find an admissible local 
holomorphic basis such that, for any tp ^ ip, P<p,i/> nas entries in zt Gx,(0;z o )- 

Remark 5.2.4. Any element of e^°p is a local section of vf*"S^' ^^{o- Zo ) an d its 
class in g£y°^ ^((o ;z a ) is annihilated by a power or tBt — (3 * z. Moreover, the 



admissible local holomorphic basis e^ z °> can be chosen such that, for any ip ^ 0, 
2 yf/8 ^ s contained in Vf*"J" 



e[^"g is contained in V?*°S^ +e ^ Zo , where £ is a given arbitrary integer. 



^(z ) 

Proof. By definition, a similar result holds at the formal level for e Q y , and if ip 7= 0, 
e^*°p is a local section of vf*°S^ +k ^( Zo for any k. For b £ [0, 1), let us denote by Jz? h 
the &x( . z )-free module generated by the 'e>*° > (ip / 0), the e^' with £ Zo {@) ^ ^ 
and the te$ with £ Zo (f3) < b. Then VfajQ = E^tS*)'^ 8 . 

As indicated at the beginning of § !5.2.bi «5f b := £*> n Jt is ( . z \-free of 



'«",(0;« o )" 

finite rank and it follows that VA ^^ Zo — J2e(^t)' ' ^ h (cf. the argument of Remark 
14.5.21( 2"))). This gives the first point, and the second one follows because and 
ej, V have the same class. The last point is then clear by chosing a base change 
(ld+zt k Q(t, zj) with k large enough. □ 

5.2.C. Admissible local si -bases. By a variant of Borel-Ritt, for any z € f2o and 
any 9 £ S , we have a surjective morphism (Taylor expansion) 
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the kernel of which consists of functions which are infinitely flat along S 1 x nb(z ) 
near 9 . Let us set 

For any 9 Q E S , we therefore have a surjective morphism 

We say that a s(& t {pfl ; Zo )-basis rf e^°) of g . z \ is admissible (with respect 
to e°) if its Taylor expansion e^ z "^ at 9 Q is a local admissible formal basis and, if 
z Q = 0, if the restriction of to z = is the pull-back of a ^x,o-basis of Mq. 

Lemma 5.2.5. Two admissible local si -bases ^ej^ , **e!j are related by 
a base change ^e { * o) = ^e[ Zo) -(ld+^Q{t, z)), also written = **e[ z $ + 

52tp°* e itp'*Q't>,il>{ti z ))> where has entries in s^^ t (o.e - Zo ) and satisfies 

• if ip ^ if, then °*Q V ,^ is infinitely flat when t — > 0, 

• if 1^/3, ^, 7 ,/3(0^)#0^4 o (7)>4 o (/3) ; 

• °*Qip,/3,f)(0) z) has weight ^ —1 with respect to H ViJ g, 

• *Q(t, 0) has entries in ffx,o (in particular, " t Q(t,Q)u,ii) = ifip^ip). 

Proof. The Taylor expansion at O of °*Q must satisfy the properties of Lemma 

Lemma 5.2.6. Let & z °' be an admissible formal basis, d eS z °^ an admissible local 
&/ -basis with respect to e^ z °^ at (0, 9 ; z a ) and ef- z °> be an admissible holomorphic 
basis of order k ^ 1 with respect to at (0 ; z a ). Then there exists a matrix "*Q 

with entries in sfo (p,6<, ;z ) suc -h that rf e^ z °' = e( z °' > ■ (Id+zt k **Q). 

Proof. We have a relation 'e^ z ° > = e^°) • (ld+zt k Q) by assumption. Lifting this 
relation by the Taylor map gives the relation for °'e^ Xo > . □ 

5.2.d. Untwisted admissible local C 00 -bases. For each (p and (3 E B, let us set 

(5.2.7) A(t, z) = ® v ,^bA v>0 , A v ^(t, z) = \tf+^"L(tf^/ 2 , 
with L(t) := | log |f| 2 |. Given an admissible local ^-basis c/ e^ z °\ we set 

(5.2.8) £ ( z °) = rf e ( z ») . A^{t, z). 

We say that is an untwisted admissible local e . z \ -basis. Let us notice 

that, as A is diagonal with respect to the (ip, (3) decomposition, we also have e^ z °^ — 
(e l $) VtPeB with e ( ;j = "efrfj ■ A^(t,z). 

Lemma 5.2.9. For z Q £ Qq and 9 Q E S 1 , if 6j and are ^ wo untwisted 

admissible local ^,' a J fl . 2 -.-bases of .M^, ^ og , z •., and if we set e^ 2 "' = ■ 
(Id +R(t, z)), then, for any S E (0, 1/2), we have, uniformly for z in some neigh- 
bourhood nb(z ) of z Q , 

limL(i)' 5 |i?(t,z)| = 0. 
Moreover, R{t,0) v ^ =0 ifijj^Lp. 
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Let us emphasize that we index the bases by £ B, as they will be 

globalized, so the indexing set should not depend on z a . But, up to a phase factor, 
we have, for /3 € B, e ( *j = "%°}+ qfi>Zo • A ^+ g0ilSo (^ z )- Therefore, in the proof 
below, we assume that the index set is B Zo . 

Proof. Let be as in Lemma 15.2.51 If ip ^ tp, we find that A^Q^^A^ is 
infinitely flat along \t\ = 0. Therefore, R v ^(t,z) is infinitely flat when t — ► 0, 
uniformly in some neighbourhood of z a , and R v ^(t, 0) = if tp ^ (p. 

Let us now consider the case where if = tp. If 7 7^ /?, let us remark that, as 
4 (7) and 4„ (/3) belong to [0, 1) by definition, we have 1 + £ Zo (7) - £ Zo (/?) > and 
there exists e > and nb(z ) small enough so that, for any z G nb(z G ), we have 
l+£ z (j)—£ z ((3) > e. It follows that there exists c > such that, for any z G nb(z Q ), 

By the second point in Lemma l5.2.5[ if rf Q Vl7)/ a(0, z) ^ 0, we also have such an 
estimate for \A vn ■ "Q^^piO, z) ■ A~^\. 

When 7 = (3, we only have to estimate \A (p ^-'*Q Vt p t p(Q,z)-A~ p\ or, what 
amounts to the same, |L(i) H <"^/ 2 • a Q Vt p^% z) ■ L(t)~ H ^/ 2 \. By the third point 
in Lemma T5. 2 .51 this is smaller than c • L(t) -1 / 2 . □ 

Recall that Ao = {z \ \z\ ^ 1}. We will now globalize the construction above. 

Lemma 5.2.10 (Globalization of untwisted local bases). For any S G (0,1/2), there 
exists an open neighbourhood nb(Ao) of Aq and a basis e o/^x*xnb(Ao) ® e x* xnb(A ) 
•^jx*xnb(A ) satisfying the following property: 

• if e( z °) is any admissible untwisted local basis, then the base change e = 
e (*o) . (Id +R( z °^(t,z)) satisfies 

limL(<) ,5 | J R (2 ° ) (t,2)| = 

uniformly for z G nb(z ). 

Of course, a basis e constructed starting from some S G (0, 1/2) is convenient for 
any 5' G (0,<S]. 

Proof. We first use a partition of the unity with respect to 9 G S 1 to globalize 
with respect to 9 (and constant with respect to z). By Lemma T5.2.91 the base 
change from the ^-global frame to the local frame satisfies the desired property. 
The globalization with respect to z is then similar to that of [5UJ, Lemma 5.4.6]. □ 

5.3. Asymptotic expansion of sesquilinear pairings. In this paragraph, we 
wish to generalize Lemma 5.3.12 of [3D] to objects of 3%- Triples(X) which are strictly 
specializable with ramification and exponential twist. Although the result will not 
be strong enough for our purpose, it gives a first taste of the kind of expansions 
one can obtain. 

In the following, we assume that z Q G S. Let S? = (JK 1 \JK" ,C) be an object 
of Si- Triples(X) which is strictly specializable with ramification and exponential 
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twist. We will assume that no ramification is needed for and , so that we 
can apply Proposition 14 . 5 . 71 

For any ip G *- 1 C[t -1 ] J denote by "e"^/ 2 " the section 1 of S~^l 7 -. For 
any m £ ~4?m we denote by $(m) C i _1 C[t _1 ] the set of ^ such that 
ilfl(§~ v l z ® ^ / )(0;z o ) 7^ for some 7, where y^(o- Zo ) is the submodule generated 
by m in ^#(o ;Zo ) (by assumption and Lemma 14.5.31 <I>(to) does not depend 
on z Q ). We then denote by L„ l7 (m) the nilpotency order of N = — (to^ —7*2) 
on ip'J{g'~ v / z ® ^V)(q. z \. For any i/3 S $(m), there exists a minimal finite set 
B v {rn) such that, for any j e N there exists an integer /c(j) and an operator 
Pj G Vq(Msc ,(0;z o )) sucn that 
■ Ki) 



(5.3.1) 



• ("e-v/ 2 " ® m ) = 0. 



II II [-(^-(/3 + ^)^)]^ (m) -^ 

■ fc=0/3G B»,(ra) 

We also define A v (m) — {a \ 3 [3 G B v (m), a — —[3 — 1}. 

Example 5.3.2. Let e( 2 °) be an admissible local holomorphic basis as in § !5.2.bl 
From Remark 1 5. 2. 41 we deduce that, for any if and any (3 G B Zo , B v {e^°^) consists 
of (3 and of complex numbers 7 such that £ Zo (j) > &z o {0)- Moreover, if ip ^ ip, 
7 G B^,(e' °J) implies that i Zo {l) > £ Zo (f3), and, given any positive number fc, the 
basis can be chosen such that the difference £ Zo (7) — i Zo {(3) can be made larger 
than k. 

For ml G ^(o-2 ) an d m " S ~^(o. 2o ), we define 
<&{m ', m") = $(m') n <f>(m"), 

B V K, m") = [(Pv(m') - N) n B v (m")l U [s v (m') H (B v (m") - N) 
L v ,p(mf,m") = min{L v ^(m'), L v ^(m")}. 

Lastly, if / G ^^'(p-z )' one can ex P an d / with respect to t,t and 
one can associate to this expansion a minimal set E(f) G N 2 such that 
/ = J2(u',u")eE(f) f't"" f(v'y<) with /(„/,„») G ^'° . 2o) - By convention, 
E(f) = 0i£f = O. 

Proposition 5.3.3. FFzi/i i/iese assumptions and notation, let ml G ^\n. z \ arid 
m" G ..■#m--z )• For any <p G 3>(m',m") =: $, any /? G B v (m! ,m") =: B^ and any 
I = 0, . . . , L Vi p(m' , m") — 1 =: Lp )( g — 1, i/iere exists f v ,p,i G {n. z \ an d N G N 
smc/i i/iai, zn ®b%- x s/s[t ](0;z o ) and hence in e ^' oo ' (U* x (nb(z Q )nS)) for U and 
nb(z ) n S small enough, 



3+ z / z L(t) 



(E33K*) (Hi/fc(™>")(» ;z j 

Moreover, if f Vl p t e 7^ and i/ie point (k',k") G N 2 belongs to E(f Vi p t i), then 
(3 + k' G Pv(m'j + N and + fc" G B^m") + N. 
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Remarks 5.3.4. 

(1) As a consequence of the last part of the proposition, we can also write 
(|5.3.3[)(*)l as a finite sum with terms 

(*' z ) z~ Z * +v/z t k 't k " \tf+^" z \tf+^"/ z ^ , 

where k', k" 6 N, (3 + k' runs in B^m') + N and /3 + &" in B v (m") + N, 
and (i, z) € < ^'^'( ) . z ) is such that g*j\ (0, z) ^ 0. (Recall that we 

denote by /?' (resp. /3") the real part (resp. the imaginary part) of 0.) Let 
us also notice that 

Re(/3' + k' + i/3"z) = l z {(3 + k') (by definition), 
Re(/3' + k" + i/3"/z) = i- z (J3 + k") (as z e S). 

(2) We know that, when restricted to X* = {t ^ 0}, C takes values in ^?«| S - 
If we moreover assume that it takes values in ^^^g , it will be clear from 
the end of the proof below that the f<p,/3,e also belong to ^^i's"- Then 
the functions fu>,/3,e (the number of which is finite) can be regarded as C°° 
functions from X into the Banach space H(nb(z Q )) of continuous functions 
on the closure of a small disc nb(z Q ) which are holomorphic in its interior. 

Similarly, if C takes values in ^j^g, it is holomorphic with respect 
to z in a set like V(0 ; z Q ) n 3C* , where V(0;z o ) is a neighbourhood of 
(0;z o ) in SK '. However, the intersection of V(0 ; z a ) with {t} x S7o could 
a priori have a radius tending to when t — ► 0. But from (|5.3.3|)f *)l and the 
previous remark, we note that this cannot happen, as (z + l/z) N C is then 
holomorphic on X* x nb(z ). Therefore, C is holomorphic with respect to z 
on X* x nb(z Q ). 



Proof of Proposition 15.3.31 

5. 3. a. Computing the set of indices. Let us first assume that we have proved the 
existence of a formula like Q5.3.3[H*)1 without being precise on the sets of indices. 
We will now show how to recover the information on these sets. We will use the 
Mcllin transform to treat each coefficient of the expansion (15.3.3p(*H Let x(t) be 
a C°° function on X with compact support contained in an open set over which 
to', to" are defined, identically equal to 1 near 0. We denote in the same way the 
form dt A dt. Let us denote by p the order of C(to',to") on the support of 
X (recall that there exists r 6 N such that t r C(m' ,m") is a distribution which is 
continuous with respect to z G S, hence has a well-defined order q, and we take 
p = q + r). We will first consider the coefficients for which ip = 0. Let us set 
v = (z + 1/z) C(m',m") and v = t r v, which is a local section of 5}bxxs/s- 

For all k', k" £ N, the function s t—y (v, \t\ 2s t~ k ~i~ k x) is defined and holomorphic 
on the half plane 2 Res > q + k' + k". Let Qj be the operator appearing in (|5.3.ip 
when <p = 0. Then Qj ■ v is supported at {t = 0}. It follows that, on some half 
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plane Re s>0, if we relate a and (3 by a = —(3 — 1, the function 

■ k(j) 



n n [z(s-v+k)-a*z] 

k=0 aGAo(m) 



Lo,a(m') 



(v, \t\ 2s t- k 't- k " X ) 



coincides with a function which is holomorphic on 2 Re s > q + k' + k" — j . By ap- 
plying the anti-holomorphic argument we find that, for any fc', k" € N, the function 
s i ► (u, i| 2s i _fc x) extends as a meromorphic function on C with poles con- 
tained in the sets s — a-kzjz with a G (A (m') + k' -N) ("1 (A (m") + fc" - N) and 
the order along s = a-kz/z is bounded by Lo j0l (rn' ,m"). Moreover, this function 
only depends on v. 

Let us now compute the Mellin transform of the expansion (|5.3.3|)f *)l for v. Let 
us first remark that, if <p ^ 0, the Mellin transform of e~ zv+ip / z \t\ 2l3 * z / z lj{tY is an 
entire function: one argues as above, noticing that the term between brackets can 
be chosen equal to 1. 

Let us then consider the terms for which <p — 0. It is not restrictive to assume 
that two distinct elements of the set of indices B$ do not differ by an integer and 
that any element (3 in Bq is maximal, that is, the set (J^ ^(/o^.f) is contained in 
N 2 and in no (m, m) + N 2 with m G N*. Let f3 G Bq. We will use that, for any 
v' , u" G Z not both negative and any function g G ^jgr'm-z ) such that g(0, z) ^ 0, 
the meromorphic function s i— > {g(t, z)\t\ 2 ^* z ^ z L(t) e , \t\ 2s t u 7" x) nas poles at most 
along the sets s — a* z/z — N (with a = —(3 — 1), and has a pole along s = a* z/z 
if and only if v' — and v" = 0, this pole having precisely order I + 1. 

For /3 G S , let ^ C N 2 be minimal such that E (i + N 2 = U*(-E(/o,w) + ^ 2 ). 
From the previous argument we can conclude that, for any (k 1 ,k") G Ep, the 
function s i— > (u, |i| 2s t~ fe x) nas a non trivial pole along s = a * z/z; on the 
other hand, from the first part of the proof it follows that a — k' G Ao(m') — N and 
a - fc" G A {m") - N, that is f3 + jfc' G S (m') + N and (3 + k" G B (m") + N. As 
we assume that /3 is maximal, there exists (k' , k") G Ep with fc' = or k" = 0. It 
follows that (3 G Bo(m', m") + N and that the condition given in the proposition is 
satisfied by the elements of Ep. It is then trivially satisfied by the elements of all 
the E(f ,p,i). 

In order to obtain the result for the f v ,p,e, one applies the previous result to the 
moderate distribution e^^^^v. □ 

5.3.b. Proof of the existence of a formula. We now prove the existence of a formula 
like (|5.3.3[)(*)1 without being precise on the set of indices. 

5.3.b(l). Sectorial formula. We will work on the real blow up Y — [0, ro) x S 1 of 
the origin in X, with blowing-up map e : Y — > X, and on the corresponding space 
W — Y x Oo, as in § !4.5.cl We consider the sheaves stfgr, etc. as in § !4.5.cl 

We can extend in a unique way the pairing C to a pairing C°* : ®e ]s -^\^ ~* 
IDE)-kxS/s[^ _1 ] m a wa Y compatible with the a nd the ^^-action (one uses the 
local freeness of ./#',./#" given by Lemma HUH]). 
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We will fix 9 Q E S 1 and z Q E S and we work with germs at (0, 9 ; z ). Accord- 
ing to (DEC^) in Proposition 14.5.71 and Lemma |4~4~B1 for N > 0, (z + \/z) N m' 
(resp. (z + 1/ z) N m") is a linear combination with coefficients in sfqym£ ;2o ) of 
sections \j! (resp. jJ') which satisfy equations of the form 



On (Y* x S) n nb(0,(9 o ;z o ), C(n',fi") takes values in T~'° s (resp. "if™„'j£ if we 
assume that C takes values in ^j^g)- It follows that, on such a set, the C°° 
function of t (with a given branch of logt chosen near 9 ) 



is annihilated by (tdt) e and tBt n , hence is a linear combination, with coefficients 
depending on z only (in a C° way, or an analytic way if C takes values in ^ri^) 
of terms (logi) a (logt)'\ Hence C V >") 

is a linear combination with such coef- 
ficients of terms e -^ +¥, / z ^* z / z i 7 * z/z (log<) Q (logi) b . It will be convenient to write 

£ -z^+ V /x = g-^+^/^M)/^ tQ nQte thatj when z g g | e -^+^/*| = 

If (p ip, then, as has moderate growth along |t| = uniformly in 

(y* x S) (~l nb(0, 6* Q ; z ), we can assume that nb(0, O ; z Q ) is small enough so that 

• either Re[(<p — ip)/z] < all over this neighbourhood and then C rf (//,//') 
is infinitely flat along \t\ — (locally uniformly with respect to z E nb(z Q )), 

• or, whatever the size of nb(0, 9 a ; z a ) is, Re[(ip— ip)/z] takes positive values on 
some nonempty open subset of (Y* xS)nnb(0, 9 ; z Q ) and C" (fi' ,//') = on 
this neighbourhood (the only possibility in order to extend as a temperate 
distribution all over this neighbourhood). 

If ip = ip, then, as 7*z/z is "real", we have t 1 * z ^ z — t' r * z ^ z , and one can rewrite 



as an expansion like (|5.3.3[)(*)[ with the <^-terms 
only, and f v ^j E tf~ x 'g i(0jflo ;.„) ^ 6Sp - G ^sTco.fl. ;«„))■ 



5.3.b(2). Globalizing the sectorial formula. It remains to showing that the expan- 
sion can be rewritten with coefficients fip,/3,t in ^xxs (o-z ) ( res P- m ^^i's^o-z ))■ 
We will once more use a Mellin transform argument, as in § 15.3. al 

Lemma 5.3.5. Let Bq C C be a finite subset. A function 




t~ 



0*z/z e - v ,/z t -y*z/z e ->l,/z C s*( l _ l >^Hj 




L 
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with fpj G e *^y°xs (o-z ) ( res P- i n e *^w\'s\a-z ))> can ^ e wr itt en as 

peB 1=0 

for some finite set Bq, with fp^ G ^xxs (o-z ) ( res P- ^ n ^szlftto-z )) an< ^ on ^ V 
there exists a finite set Aq C C such that, for any k' , k" G wif/i fc' + fc" G N, 

are contained in the sets s — a-kz/z, with 

a G {Aq + fc' - N) n (A + fc" - N). 

We apply the lemma to the ip — part of the expansion obtained above: arguing 
as in § 15. 3. al and using that the Mellin transform of the sum of terms with ip ^ is an 
entire function of s, we conclude that the condition of Lemma l5.3.5l is fulfilled. □ 

Proof of Lemma 15.3.51 A function g G fit^Js (o-z ) ^ as a Taylor expansion 
^ m>0 <7 m (e )|i| m , where each g m is continuous on S 1 x S and C°° with respect 
to S 1 and can be developed in Fourier series J2 n 9m, n e me ■ Then g can be written 
as h \t\- ko + h 1 \t\- ka+1 for some k G N and ^ G ^° s>(0 . Zo) if and only if 

Sm,n ^ => m ± n — fco- 
Indeed, one direction is clear. Now, if (|5.3.5[)(* )l is fulfilled, we have 

9 = \T ko E gp+.-ko.p-g-kotn- 1 + \t\- k " +1 £ ft, +g - fco+ i )P - g - fco+ it p F. 

p,(jGN p.qEN 
p+q^k a p+q^kg—1 

Borel's lemma gives us two functions h$,hi G < &xxS (o-z ) sucn that g — 
(h \t\- ko + h 1 \t\- ko+1 ) is in e*tfyf s {0 . Zo) and infinitely flat along \t\ = 0, 

hence belongs to ^xxS (o-z )• We include it in one of the two terms, to get the 
assertion. 

Condition (|5.3.5jl(*)l can be expressed in terms of Mcllin transform: indeed, one 
can check that, for any G |N such that j' + j" G N, the Mellin transform s 1— » 
(g, \t\ 2s t~i i~ J x)i which is holomorphic for Res ^ 0, extends as a meromorphic 
function on C with simple poles contained in |Z. Condition (|5.3.5j)(*)l is equivalent 
to the existence of kg G N such that for any f , j" G |N with j' + j" G N, the poles 
are contained in the intersection of the sets |fco — 1 + j' — N and ifco — 1 +i" — N. 
This gives the lemma when Bq has only one element and L = 0. 

Arguing by decreasing induction on L (hence on the maximal order of the poles), 
one then shows the lemma when Bq is reduced to one element. The general case is 
then clear. □ 

Let us denote by E the block-diagonal matrix, with blocks indexed by <p, such 
that the ^-diagonal block is e -*F+¥>A Id. Recall that we have | e -^+W*| = 1 wnen 
z G S. Notice also that, as — zip + ip/z is "real", we have E* = E. Recall that the 
matrix A is defined in (|5.2.7D . 
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Corollary 5.3.6. Let z a € S, let e^ ±Zo -* be a pair of admissible local holomorphic 
bases (cf. § 15. 2. b)) and letC^" 1 be the matrix of C in these bases. Then, for N large 
enough, 

(z + l/z) N ■ 'A^C^J- 1 = {z + l/z) N E + R (z °\t, z), 

where the entries of RS Z °> are C°° and holomorphic with respect to z on X* xnb(z ), 
and lim t ^o ^(t) s \R l - z "^(t, z)\ — for some 8 > 0, uniformly on nb(z ) n S. 

Proof. We consider the setting of Example 15.3.21 Then, for any <pi,p2, any ft £ 
B Zo , (3 2 € B_ Zo , any w u w 2 € Z, and any e[ Zo) £ e%?,p uWl , 4~* o) G e ^l,w 2 ^ 
(z + l/z) N C(e\ z °\e 2 z °^) is a sum of terms as in Remark 15. 3. 4[f Tj) above, such that, 
on some neighbourhood nb(z Q ) PlS, for any cp, ft £, k', k" such that g^\ ^ (0, z) ^ 0, 

(1) if w + <p 2 , then + k') + l_ z ((3 + k") » l z (ft) + 

(2) if ^ = p 2 and ft -ft g Z, then 4(/3+fc')+^-*(W) > 4(ft)+^-*(ft) 
or<p = <p 1 = <^ 2 and 4(/3 + k') + l_ z {fl + A") > 4(ft) + 

(3) if tp! = p 2 , ft-ft € Z and Wl ^ w 2 , theni,(/9+fe')+^-*(/3+A") > 4(ft) + 
£_*(ft) or ip = if! = <p 2 , (3 + k' = ft, P + k" = ft and t < (w 1 +w 2 )/2. 

Indeed, let us consider the second case for instance. If (p ^ ip.\, we apply the 
estimate given in Example 15.3.21 for t Zo {l)- If <p — Pi — <p2 and g^g\ (0,2) / 0, 
then [3 satisfies both properties: 

/? + £'= ft or £ Zo {P + k') >4„(ft), 
/? + fc"=ft or l_ Zo {/3 + k")> l- Zo {p2)- 

Recall that 4( 7 ) = Re( 7 ' + iz 7 ") and that, if z G S, £- z (j) = k/z{l)- The 
assumption implies that we cannot have simultaneously (3-\-k = ft and f3+k" = ft. 
Therefore, in any case, 

t*. W + k') + l- Zo ((3 + k") > l Zo (ft) + l„ Zo (ft). 

One can choose nb(z„) and e > such that, for any z € nb(z G ), 

t z {(3 + fc') + £ 1/z (f3 + k") > 4 (ft) + h/z (ft) + £• 

In conclusion, when one of the assumptions of |T]), or Q is fulfilled, the 

[(</?!, ft, wi), ((/J2, ft, i«2)]-block of i?( z °) satisfies the property in the corollary (and 

even much better in the first two cases). 

Let us now fix <p and ft € -B Zo , and let ft be the unique element of B— Zo such 

\ t— z ) 

that ft S ft + Z. Let I e N and let us consider the families ^,ej,g°^ 
lifting primitives elements. Assume first that tp = 0. According to the definition 
as a residue, and arguing as above, we conclude that, for z 6 

nb(z G ) fl S, 

(z + l/z) N C{{m t -P + zYefyl^e^it) = (* + l/^i^t-^Id 

+ terms as in ([3]) . 
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Also according to the general form of C(eg ^ e e , e ) given by Proposition 

15.3.31 we conclude that 

(z + l/z) w C(e^ £/ , e ^) = (z + l/z) N \t\^/*L(tYld/e\ 

+ terms as in ([3j . 

A similar result holds for (z + l/z) N C{e ^ t e-2k' e o fo i l-2k) ^ or an y ^, as C is 
(8> linear (with the convention that L(t) is replaced by if £ — 2fc < 0). 
This implies that the [(0,/3i,w), (0, (3%, u>)]-block of i?( 2 °) satisfies the property in 
the corollary for any w G Z. 

When 93 ^ 0, we argue similarly by tensoring first by S~ v l z . □ 

5.4. Construction of an orthonormal basis. We now go back to the situation 
of § 15.21 Therefore ST = (^#, C) satisfies the twistor properties at t = 0. We 
also assume that C takes values in c ^"^f^- By Remark |5. 3. 4[ f2")l, this means that, 

for any z a € S, there exists an open neighbourhood nb(z Q ) such that C can be 
extended to <^°^ n nb(zo) . 

Let £ be the frame obtained by Lemma 15.2.101 It can be decomposed into 
subfamilies e v . 

Proposition 5.4.1. If X is small enough, there exists a matrix S(t,z) which 
is continuous on X* x nb(Ao) and is holomorphic with respect to z, such that 
lim t ^o S{t, z) = uniformly on any compact set of the interior of Aq, such that, if 
we set e' — e ■ (Id+S^i, z)), the matrix C(e',e') is equal to E. 

In fact, one can be more precise concerning the limit: the L 2 -norm of S(t,») 
on Ao (or, equivalently, on S), with respect to the standard Euclidean metric, has 
a limit equal to when t — > 0. 

Similarly, the basis e' can be decomposed into subfamilies e' v . We define the 
basis e by a rescaling depending on (p: 

(5.4.2) e 9 = e' v ■ (e^Id). 

Corollary 5.4.3. The frame s is orthonormal with respect to C . □ 

Proof of Theorem 15.0.11 It follows from Corollary |5.4.3l that the restriction of & to 
any small nonzero t is a polarized pure twistor of weight 0. Therefore, according 
to [H] (see also [HI Lemma 2.2.2]), &[ x * defines C°° bundle H on X* with a flat 
connection and a harmonic metric. □ 

Proof of Proposition 15.4.11 It relies on the following lemma: 

Lemma 5.4.4. Let e be any global basis as constructed in Lemma 15.2.101 Then 
the matrix of C in this basis satisfies 

C(e,e) = (ld+R{t,z)) ■ E, 

with 

, , , I R(t, z) continuous on X* x nb(S) and holomorphic w.r.t. z, 
[35 > 0, lim t _ L(t) \R(t, z)\ = 0, uniformly for z eS. 
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The proof of the proposition then proceeds as follows. Let us denote by H ' © H" 
the usual decomposition of L 2 (S): the functions in H' (resp. H") extend holomor- 
phically on {\z\ < 1 resp. > 1}. Arguing as in [THl Lemme 4.5], we find that there 
exist continuous mappings 

S' : X — > Mat d (H'), S" : X — > Mat d (if"), S : X — > Mat d (C), 

where d is the size of the matrices we are working with, uniquely determined by 
the following properties: 

• S"(0, z) = 0, S"(0, z) = 0, 5 (0) = 0, 

• S'{t,0) = 0, 5"(i,oo) = 0, 

• ld+R(t,z) = (Id+S'(t,z))(Id+S Q (t))(ld+S"(t,z)). 

We notice then that S' (resp. S") is continuous and holomorphic with respect to z 
on X* x nb(A ) (resp. on X* x nb(Aoo)). 

For S — S', So, S", we set T = E~ 1 SE. By assumption, the sesquilinear pairing 
C satisfies C* = C. Therefore, (ld+R)E = E{ld+R*), as E* = E and, using 
uniqueness in the previous statement, we find 

rjyt j^ 1 "* ^ rpll 

Consequently, we get 

C{e,e) = (Id+S')(Id+S )E(Id+S'*). 

Moreover, as So is independent of z, the relation ESq = SqE implies that So 
is diagonal with respect to the (^-decomposition and we have = So,y,y f° r 

any ip. If we set Id+So = (Id +Uo)(ld +Uq ) with Uq diagonal with respect to the 
(^-decomposition, we then have 

(Id+So)£ = (Id +U )E(ld +U*). 

Now, the proposition is clear, by taking e' = e ■ (Id+ t S") _1 (Id-|-*t/o) _1 . □ 

Proof of Lemma 15.4.41 Let us first indicate that we could have constructed a 
frame e starting from admissible local holomorphic bases e^ z °\ by the same 
procedure (similar to that used in [20] ) . From Corollary 15.3.61 we would only get 
an expression for (z + l/z) N C(e,e), for z G S. In order to get a good expression 
for C(e, e), we have to use the maximum principle, and thus work holomorphically 
in some neighbourhood of S, where the expression for (z + l/z) N C(e,e) does not 
remains good because of the many terms e~ z ^ + ^^ z . On the other hand, working 
with admissible jzZ-bases will give us a better control of (z + 1/ z) N C(e, e) on some 
neighbourhood of S. 

In order to prove Lemma 1 5. 4. 4[ it is enough to check the property locally. Let 
us fix 8 a 6 S 1 and z a £ S. Given a pair ^e^ z °^ of local admissible .cZ-bases at 
±z D , we denote by e^ 2 "- 1 the corresponding untwisted bases, by ^C^ Zo ^ the matrix 
C(<* e ( z °\*eF*°)), by °°<7W the matrix C(e^"\e^>), and by °°C the matrix 
C{e,e). 

Let us notice that, as the entries of E are continuous on X* x Vt^ and holomorphic 
with respect to z, and have a modulus equal to 1 when z £ S, we have, for R^ z °^ 
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satisfying d5.4illf *)l E + R (z °^(t,z) = (Id +R'^ Z " ) (t, z))E with R'^ satisfying 
lft.4.4](*)l We will then show °°C = E + R^ , locally near z . Moreover, according 
to Lemma fe. 2.10[ it is enough to show C^ z "' — E + i?( z °) for some i?( z °) satisfying 
(|5.4.4jlf*)l Note also that, by definition, °°C^ Z ^ = l A~ 1 ^C^ Zo) ~Ar 1 , where A is 
defined by (1S~2T?)| . 

According to Lemma 15.2.51 we can assume that the sit -bases are compatible 
with the decomposition (DEC'*). Moreover, according to Lemma l5.2.6[ we can 
also assume that Corollary 15.3.61 applies to the chosen local admissible ,^-bases. 
We will follow the same steps. 

Lemma 5.4.5. If ip =/= tj), there exists a neighbourhood nb(0, 9 ;z ) of (0,6 o ; z a ) 

such that, for any p^O, lim^o \t\~ p \ C{ a/ el^°\ a 'e\p z °^)|=0 uniformly for (t, z) E 
X* x Snnb(0,6> o ;z o ). 



Proof. Arguing as in § 5.3.b(l) we find that there exists N such that the function 



(z + l/z) N e z ^ <p / z C( i *eip \" l 'e < ^ z °^) has moderate growth, uniformly with respect 
to (t, z) E nb(0, 8 a ; z a ), and is zero if Re[(<^ — if))/ z Q ] ^ on some open subset of 

nb(0, 6 ; z ). As e^-^^C^e^ , ^e { ~ z ° ] ) is holomorphic with respect to z on X* x 
nb(z ) (cf. Remark I5.3.4l[ 2l). it also has moderate growth uniformly with respect 
to z E nb(z Q ) by the maximum principle. The lemma follows from the rapid decay, 
uniformly with respect to z E nb(z D ), of e v l z ~ z ^ when Re[(<p — ip)/z ] < 0. □ 

Lemma 5.4.6. Let f3i £ B Zo , 02 E B- Zo be such that 0\ — 02 £ Z. Then there 
exists a neighbourhood nb(z Q ) of z D and e > such that 



dixsK*) |im \tr \c(^°lM-;; ] )\ = o 

uniformly for z E nb(z Q ) fl S. 

Proof. It follows from Corollarv l5. 3. 61 applied to the local ^-admissible basis that 
(|5.4.6[)(* )l holds after multiplication by (z + l/z) N uniformly with respect to z E 
nb(z ) Pi S and, as e zv ~ V//z | = 1 for z E S, it also holds after multiplication by 

(z + \jz) N e zT e~"Pl z . 



Arguing now as in §|5.3.b(l)[ (z+1/ z) N e^^^C^e^ ) *e { l o) ) can be written, 



for z E nb(z ), as 

t***/*i?'**/» gaA\tlO;z)(\ogt) a {\ogt) b 



a,b£N 



= t/W*#W* h e (\t\,9; z)L(t) e , 



where the entries of the matrices g a ,b (hence hg) are in ^^^g . z y Condition 
(15. 4. 6 [)(*)! translates then as the vanishing of suitable derivatives dtiht of he with 
respect to \t\ along \t\ = 0, for z E nb(z Q ) (~l S. As dh,ht(0, 6; z) is holomorphic 
with respect to z, this vanishing holds for any z E nb(z ), and in turn this implies 

that (l5i.6|l(*)l holds (up to changing e) for (z + l/z) N e z ^- v / z C(^e (z j i ,^e { ~ z f) 
uniformly on nb(z D ). 
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As e zip ~ v/ ' 2 C(* , e < £°p i ,°'e(~p°^) is holomorphic with respect to z on X* x nb(z ) 
(cf. Remark 15. 3. 4lj 2"jl). we get (|5.4.6|l( * )| for it by the maximum principle. If we now 
restrict to z G nb(z c ) n S, we get (|5.4.6|i(*)l □ 

In a similar way we get: 

Lemma 5.4.7. Let p G B and ft G B Zo n (p + Z), ft G B_ 2o n (/? + Z). Lei 
w±,W2 G Z fee suc/i i/iat wi ^ w^. Then there exists a neighbourhood nb(z Q ) of z a 
and S > suc/i that 

HS32K*) lraiL(i) 5 L(t)-( u,1 + u,2 )/ 2 |t|-^+^" z )|t|-^+ i ^'^) . 



l°V e V ,/3i,Wi' ^A.^'l — u 

uniformly for z G nb(z„) fl S. 

Proo/. Let us set ft = (3 + ki, ft = P + k 2 . The power of \t\ in (|5.4.7p(*)l 
reads \t\- 2 P* z / z \t\~( kl+k2 \ On the other hand, arguing as in §|5.3.b(l) 



as 



(z + l/z) N e^-^C(^j uWi ,^Jf !W2 ) can be expanded 
\t\ 2 ^ z / z t kl t k2 ^2h e {\tie,z)h{t) e . 

We end the proof as for Lemma 15.4.61 □ 

Lastly, the case ui\ = w-i is treated similarly, concluding the proof of Lemma 
15.4.41 and hence of Proposition 15.4. il □ 

5.5. A characterization by growth conditions. Let 07 = (^f,^f,C) be an 

object of ffl- Triples(A) which satisfies the assumptions in Theorem 15.0.11 If 
is regular at t = 0, then the matrix E above is equal to identity. Moreover, the 
estimate for the limit of L(t) s R(t, z) holds in some neighbourhood of S, not only 
on S. It follows that the matrix S(t, z) is continuous on X xnb(Ao) and holomorphic 
with respect to z on this set. As a consequence, we have a good estimate on 
X* x nb(Ao) for the norm of the global basis e with respect to the harmonic metric 
defined by the twistor object on X* and, using the base changes of §§ l5.2.a[ I5.2.bl 
and I5.2.cl we get an estimate for the norm of any local admissible holomorphic 
basis. In particular, we can characterize ^ from j%\<%;* as the subsheaf consisting 
of local sections whose norms, with respect to the harmonic metric, have moderate 
growth near the origin. This was one of the main points in [2D1 § 5.4]. It was also 
the basic tool for computing I? cohomology in [2Ql §6.2], in a way analogous to 
that of [57] (see also [HI Chap. 20] for a slightly different approach). 

In the irregular case, we do not get a good estimate for the norm of the basis e 
when z = 1, as Proposition 1 5 . 4 . II does not give enough information on the matrix S 
when z G S. Moreover, even on the interior of Ao where we have a good estimate, 
the exponential terms prevent us to get a convenient estimate for the norm of any 
admissible local holomorphic basis. As a consequence, we do not get a characteri- 
zation of the meromorphic extension ^# of ^\sc* in terms of growth with respect 
to the harmonic metric. 
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Nevertheless, let us note that Corollary 15.4.31 implies that the restriction eo to 
z = of the frame e is an orthonormal frame for the harmonic metric h on the 
Higgs bundle {j# /z^K)\x» • Therefore, the frame e' is also an orthonormal frame 
and the frame So, which is the restriction at z = of the frame obtained in Lemma 
15.2.101 is asymptotically orthonormal, according to Proposition 15.4.11 Restricting 
(|5.2.8[) to z = and using the definition of an admissible local ^/-basis gives a 
meromorphic frame of Mq whose /i-norm has moderate growth at the origin. As a 
consequence we get: 

Corollary 5.5.1. Let ST = , ^ , C) be an object ofM- Triples(X) which satisfies 
the assumptions in Theorem 15.0.11 Then the meromorphic extension jji / ' z~dt of 
the Higgs bundle {^/z^)\x* * s characterized as the subsheaf of / 'zdT)\x* 
consisting of sections whose h-norm has moderate growth at the origin. Similarly, 
the parabolic filtration defined by the metric is identified with the filtration induced 
by V'^M. □ 

However, if we accept coefficients which are C°° with respect to z, it is reasonable 
to expect that we can recover a characterization by moderate growth for ^# (this 
question has now been completely solved by T. Mochizuki in [15j). Such a procedure 
was used in a simpler situation in [19) that we describe now. 

We will denote by & x the subsheaf of ^J? consisting of functions which are 
holomorphic with respect to t, but possibly C°° with respect to z. We can then 
consider SH X = ff^(zdt). We will also need to consider the sheaf 6 X consisting of 
functions which are continuous, C°° away from 2 = 0, and holomorphic with respect 
to t (the notation is therefore not precise enough, but we keep it for simplicity). 
We define M x similarly. 

Let j : X* ^ X or JT* ^4 J" denote the open inclusion. Let it : X — + X 
denote the projection. 

A simple example. Let us start from a polarized regular twistor ^[i^J-module 
^rc g =J0 f M,C Ies ) on X, and let us assume that W = {Jg,J&,C) is obtained 
from ^ rc s by twisting with S v l z (recall that it is a [i~ 1 ]-free module of rank 
one, with the action of <3t defined on its generator 1 by <3tl = z~ l tp- 1). In particular, 
we have C = e ~^W+'p/^C les . Then ^ rc s defines a harmonic bundle H on X*, with 
harmonic metric h ree and, if tt : — > X denotes the projection, we know that M 
is characterized by the moderate growth condition with respect to ir*h ro& . As 
is isomorphic, as a 6%; [i _1 ]-module, to it is also characterized by a moderate 
growth condition, but not with respect to the harmonic metric h defined by £7 '. Let 
us notice that, using the isomorphism 

the object £f restricted to X* also defines a polarized smooth twistor structure of 
weight 0, with the same associated C°°-bundle H (but with distinct metric h and 
distinct flat connection Dy\ in fact, h — e~ 2Retp h res and Dy — Dy S + dip, see [HI 
§2])- 
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On the other hand, there is no isomorphism SF\x* ~^ <^jx*' as * ne global 
section e _¥,/z ■ 1 of S v l z only exists on z ^ 0; as a matter of fact, h and h ICS do 
differ. 

In order to circumvent this difficulty, we extend the coefficients of ^# by tensoring 
with <^jr[i -1 ]- Restricting to we have an isomorphism of [t _1 ]-modules 

(5.5.2) tf£.[t -1 ] ®ff K .[t-i] Aac* - J —^ ®ff x .lt-i) ®\X*> 

where z denotes the usual conjugate of z. This isomorphism is not compatible with 
the ^r-structure (i.e., the action of 9 t ), but it is compatible with C and C rcg : 
indeed, on S, we have z — 1/z. 

Under this isomorphism, the subsheaf of j» ®ff % ,\t-^\ ^\.%») consist- 

ing of sections having moderate growth with respect to ir*h is identified with the 
subsheaf of [i -1 ] [t- 1 ] &\sc*) 01 sections having moderate growth with 

respect to 7r*/i rog (use PH (2.2) and (2.3)] with dip instead of -dt). 

A generalization of the construction. We generalize below the previous construc- 
tion, although it does not seem to be enough to recover a characterization by 
moderate growth. We proceed a little differently, as we do not have at hand a 
regular ^^[i -1 ] -module like & in the previous example. 

(1) In the first step, we construct an auxiliary locally free 0^ [i -1 ]-module 
^# aux with a compatible action of M ^. In the simple example above, we 
would have ^ ux = <g> jt. 

(2) In the second step, we show that there is an isomorphism 

(5.5.3) e° x . ®e x , Jfst* ^ 

compatible with the -actions. In the simple example above, it is hidden 
behind the isomorphism (|5.5.2|) . As a consequence, we get, by transport- 
ing C through the previous isomorphism, a ^^| S t^v^ ^l^g-sesquilinear 
pairing 

C aux : ^| ux ® w - — 3)b xx s/s[* _1 ], 

and we get an isomorphism of triples 

Step one: construction of ^# aux . Let us denote by ^# Aaux the ^—[i^J-module 

with the natural .^"—-structure. We will construct ^ aux equipped with an isomor- 
phism 

(DEC Aaux ) ^ uxA -^-> „# Aaux . 

We first recall the well-known Malgrange-Sibuya Theorem in the present situation. 

We use the notation of § !4.5.dl for (real blow up of z — and of t = in X) 
and sixi an d we denote by p : — > the natural map. We define the sheaf 
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stag by relaxing the holomorphy condition with respect to z. If z Q ^ 0, p _1 (0 ; z ) 
consists of a circle S 1 with coordinate 0, while if z = 0, then p _1 (0 ; 0) = S 1 x S 1 
with coordinates (0, £). Let us denote by GL £ ;(^^ 3 ) the sheaf of groups consisting 
of invertible matrices of size d with entries in .e/J?, and by GL^ {'"^.(-^J?) the 
subsheaf of matrices of the form Id,j +M, where the entries of M are infinitely flat 
along {t — 0} and vanish when restricted to z = 0. 

Theorem 5.5.4 (Malgrange-Sibuya). For any z a 6 f2o; image of the pointed set 
H 1 {p- 1 {Q ; z ), GL<j*=° } } (^|?)) in the pointed set H 1 (p-^O ; z ), GL d){x=0} (^)) 
is i/ie identity. 

Proof. We recall the classical proof (cf. [H Appendix]) for the sake of completeness. 
Let A be an element of H 1 (p _1 (0 ; z ), GL^j*^ ^(-^Jr)) ■ Denote by the sheaf 
of C°°-functions on «2°. Then one checks that the previous set, where ' 6^ is 
replaced with reduces to the identity. If A is defined on a covering (J7j) of 
p~ l (0;z o ), then there exist sections fa £ r([/,-, GL^|*~qj (<^)) such that Ay = 
(HfiJ 1 . Moreover, d t is well-defined on <?^' _0 *, and the [i~ x d t fa glue together as 
a section of Mat^ r^Zo} on P 1 ^ 5 This is then also a germ of section v of 
^ a ^d {z=o}(^xxf2 ) a ^ ' z °) ^ 2 ° ^ 0, or along the circle S" 1 with coordinate £ if 
z Q = 0. According to [H Chap. IX, Th. 1], we can solve d t i] = —f]V with 

• 77 e GL d (<^ ( (o. Zo )) if z ^ 0, 

• 77 G r(S' 1 , GL ( j(^ x - x q )) if z o = and S 1 is the circle where £ varies, 
and, in both cases, 77(0, z) = Id. Moreover, as fu = o = 0, the function f](t,0) is 
holomorphic and, replacing 77 with 77(7;, 0) -1 fy gives 77| 2= o = Idd- We now replace Pi 
with fliT], which belongs to T(Ui, GL d) { z=0 }(.s^|?)) . □ 

Let us first work at z Q ^ 0. According to the decomposition (DEC rf ) of Propo- 
sition |43jj if we denote by sum @ V (<S V ' Z <8 &tf>,(o ;z ))i then .^(0 
determines a Stokes cocycle A relative to ^S)., o v If we fix bases of ^ v .(q- Zo ) and 

if d denotes the rank of this cocycle belongs to H 1 (p _1 (0 ; z a ), GL^ i_0 '(j2/y)) 
(the condition on the restriction to {z = 0} is now empty). 

We now consider '■— ® V {S^ Z+1 ' '"^ ® ^V(0:z o )) equipped with its con- 

nection V aux,cl and the same (?x,(o ;*„) [i _1 ]-basis as z \ (in other words, we 
only change the connection on -#|- C q. z ))■ If we denote by 8J cg the action of 5t 
on Zffi v> (0;z o )j then the action of St on (f^/ 2 ® ^ v ,(o; Zo ) is 9t CS + v'> an d that on 

(fcw-i/^v ®# Vi(0 ., o) is g*' cg + (1 + M V- 

Let us note that the argument of ~z + l/z is the same as the argument of 1/z. 
Let us denote by E c the block-diagonal matrix having diagonal (^-blocks e'^Idrf . 
Then, if we denote by A aux the cocycle E C \E- X , we see that A aux is ^[tT 1 ]- 
linear (i.e., is compatible with the action of 9 t on ^^ z ^) and still belongs to 

i? 1 (p- 1 (0;- z o)>GL< { * =0} (^|?)). If for some suitable covering (Ui) ofp- l (0;z o ) 
we set A aux = fa^J 1 according to the theorem of Malgrange-Sibuya, we conjugate 
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on Ui the matrix of V aux ' by /Uj and we get a new connection \7 aux which does 
not depend on Ui. It therefore defines a connection V aux on the 6^ , Q . Z -Jt -1 ]- 

module ^^Q K z ' C y that we now call ^(q UX y Moreover, we have a fixed identification 
^^ aux '° lA = ^(Q a " X )- Last, if we have two such constructions (depending on the 
choice of /i, or of the covering (Ui)), we get isomorphic ^ [i _1 ]-modules; the 

isomorphism induces the identity at the formal level, therefore the isomorphism is 
unique. This enables us to glue the various ^(q UX ) when z varies in Qq. 

Let us now work at z Q = 0. We consider a covering (Ui) of p _1 (0 ; 0) on which 
the decomposition (DEC(f) holds. Let us fix bases of the I g/^[t _1 ]-modules 
(the index i refers to the open set Ui where Blf v is defined). We assume that these 
bases lift the same €?j^ . , [f _1 ]-basis of f Jj B . j and, when restricted to z = 0, 

come from a given basis of R v . We identify then the various j2/^[i _1 ]-modulcs 
Stf to ^\t~ l } d , equipped with the connection Vf g . Twisting &f with S^l z 
(resp. $( z+1 / z )v) gives the connection Vi (resp. v aux,cl ). 

With respect to these identifications and using the isomorphisms (DECjf), we 
get a cocycle A G H 1 (p _1 (0 ; 0), GL^j'~g|( I e/^)). We conjugate it as above to get 
A aux . Using the same argument as above, and as z vanishes at z = 0, we have 
A aux £ i/i( p -i(0;0),GL<j t 2 : l O o } } (^)). If we set A aux = fij^ 1 then, conjugating 
yaux,ei ^ eac j 1 ^ we g e |. a connec tion V aux with matrix (in the fixed bases) 
having entries which are continuous on 3£ near (0;0), meromorphic with respect 
to t, and which become C°° when expressed in polar coordinates with respect to z 
(in particular, they are C°° away from z = 0). We thus get ^^o)- By uniqueness, 
it coincides with ^# aux constructed previously, when restricted to z ^ 0. 

S"iep two: the isomorphism (|5.5.3[) . It is now straightforward. We have a formal 
isomorphism t /# A — > ^# auxA induced by _E C . For any z , this isomorphism exchanges 
the Stokes cocycles along p~ 1 (z a ). Therefore, it induces a local isomorphism (15.5.3P 
on X* x nb(z Q ). These local isomorphisms glue together as they have the same 
underlying formal isomorphism. □ 
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